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Briefly stated,

the job of a theory of truth is

to assign truth values to sentences

in a language allowing self-reference,

in a way that respects intuition

while avoiding paradox. 



 3

Everybody knows the Liar Sentence

This sentence is not true.

True if and only if false,
hence no assignable truth value.

S ≡ ¬S
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And the Truth Teller

This sentence is true.

True if and only if true,
false if and only if false,

hence any assignable truth value.

S ≡ S
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There are also contingent liar sentences

Either this sentence is false
or the Riemann hypothesis

will be solved in 2019.

S ≡ (¬S ∨ R2019)
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S ≡ (¬S ∨ R2019)

If the Riemann hypothesis is solved in 2019,
this is simply true.

S ⌘ (¬S _R2019)
⌘ (¬S _ true)
⌘ true
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S ≡ (¬S ∨ R2019)

If the Riemann hypothesis is not solved in 2019,
this is paradoxical.

S ⌘ (¬S _R2019)
⌘ (¬S _ false)
⌘ ¬S
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So we have to wait until the end of 2019
to know if we have a paradox here.

The Epimenides sentence is similar.

Epimenides, a Cretan, said,

All Cretans are liars.
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It is not paradoxical if Epimenides
is not the only Cretan.

and some other Cretans tell the truth.

This is paradoxical if Epimenides
is the only Cretan and
this is all that he said.
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A person says to a Doctor, 
“It hurts when I do this.”

The Doctor says,
“Don’t do this.”

We’ve seen sentences whose
truth values are problematic.

So, don’t even try assigning truth values
to those sentences.
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This is backward.
What sentences can we assign values to?

Then we should discover that
some sentences were omitted.

This is the job of
a formal theory of truth.

Several have been proposed.
Kripke’s is the best known,

and probably the most successful.

I’ll discuss that,
and variations of it.



A Formal Language
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We want self-reference so
we need a first-order language that can

refer to its own syntax.

We use formal arithmetic
(other choices are possible)

Our language has 0, +, x, s (successor), =. 
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Gödel numbering can be introduced.

Via Gödel numbering,
syntactical machinery can be

formalized within the language.

In particular, the language
can ‘talk about’ formulas of the language.

So it has numerals
0, s(0), s(s(0)), . . .
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We further want a language
that can ‘talk about’ truth.

We add to our formal language
a new predicate symbol,    ,

where         is intended to represent
that     is true.

T (x)
T

x

More properly,         should mean
that     is the numeral of

the Gödel number of
a true formula.

T (n)
n
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We might also want
function symbols and predicates
to represent ‘real world’ things.

This is straightforward and
I’ll ignore it

to keep things simple.



Semantics
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We use the
standard model
of arithmetic.

The domain is the natural numbers,
0, 1, 2, …

+ is interpreted as addition.
x is interpreted as multiplication.
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The symbol 0 is interpreted
as the number 0, 

and s is interpreted as successor.

Assume we have a Gödel numbering
of sentences (closed formulas) and, for convenience,

it is onto—every natural number
is the Gödel number of some sentence.

For each sentence      
let        be the Gödel number of    .

X
pXq X
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As noted, we have numerals in the language.
0, s(0), s(s(0)), . . .

For simplicity we will write

'(n) as short for '(s(s(. . . s(0) . . .)),
where there are n successor symbols.

Then if X is a sentence and,

'(x) is a formula,

'(pXq) shows the language

talking about the language itself.



The Basic Problem
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The standard model for arithmetic
interprets everything

except for the intended truth predicate    .T

Suppose we choose some interpretation,
call it   .v

Our desire is that truth is represented.
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Then for each sentence X,

T (pXq) is true
if and only if pXq 2 v(T )
if and only if X is true.

We want v(T ) to be

the set of Gödel numbers of true sentences

as evaluated in the standard model of arithmetic,

extended with v to interpret T .
<latexit sha1_base64="HB0UaidejNTATuRDpEzvDXJkTJo="></latexit><latexit sha1_base64="HB0UaidejNTATuRDpEzvDXJkTJo="></latexit><latexit sha1_base64="HB0UaidejNTATuRDpEzvDXJkTJo="></latexit><latexit sha1_base64="HB0UaidejNTATuRDpEzvDXJkTJo="></latexit>

Note that X might contain T itself!
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More briefly,

T (pXq) ⌘ X
would be true in the model,

for every sentence X.

This is impossible.

It contradicts a version
of Tarski’s theorem.
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How to proceed?

Move to partial logics,
or paraconsistent logics,

or some combination of both.

Please note,
by logic we don’t mean a deductive system.

We only consider semantic machinery
for assigning truth values.



What Logics?
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We need logics in which
incomplete, or contradictory information

can be represented.

Three-valued logics came first.

My discussion will be mostly
propositional, to keep things simple.

Quantifiers are like infinite ands and ors.
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Kripke examined three such logics.

Others have been used as well.

We need a brief survey.

Kleene’s weak three valued logic
Kleene’s strong three valued logic

Supervaluations
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Kleene’s three valued logics
have an epistemic or computational

motivation.

truefalse ?

is
(known to be)

false

is
(known to be)

true

lacks a
(known)

truth value
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Kleene had two such logics,
strong, and weak.

Weak is also known as
Bochvar’s logic.

Think of information coming in,
from a computational process,

or observations.

How should we assign truth values
given incomplete information

that is still being gathered?
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Weak Kleene
Classical truth values can only
be assigned when values for
all components are known.

^ false ? true
false false ? false
? ? ? ?

true false ? true

_ false ? true
false false ? true
? ? ? ?

true true ? true
¬

false true
? ?

true false
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Think of P ^Q as a function

of P and Q computed in a sequential language.

Inputs can be true or false
but there may be calls on other processes to

provide values for P and for Q.

Until those processes complete,

the ^ process cannot start.
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Strong Kleene
Classical truth values can

be assigned when enough values for
components are known.

¬
false true
? ?

true false

^ false ? true
false false false false
? false ? ?

true false ? true

_ false ? true
false false ? true
? ? ? true

true true true true
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Think of P ^Q as a function

of P and Q computed in a parallel language.

Inputs can be true or false
but there may be parallel calls on other processes to

provide values for P and for Q.

If either of those processes returns false,
the ^ process can start, and returns false.
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Neither weak nor strong Kleene

has tautologies. For instance, P _ ¬P evaluates to ?
when P is ?.

But one feels P _ ¬P should

simply be true.

Bas van Frassen introduced
supervaluations

which address this issue.
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Supervaluations

These are not truth-functional.
There are no truth tables.

A partial or three-valued valuation
maps atomic formulas to 

{true, false,?}

A classical or two-valued valuation
maps atomic formulas to

{true, false}
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classicalpartial

w(P ) = true implies v(P ) = true

w(P ) = false implies v(P ) = false

w extends to v

w extends to v
is the same as

v extends w
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Using supervaluations, 
a partial valuation    assigns values to

all formulas by setting
w

w(X) = true if v(X) = true
for every v that extends w

w(X) = false if v(X) = false
for every v that extends w

w(X) = ? otherwise

Then X _ ¬X maps to true
even if X maps to ?.
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These are the logics that
Kripke wrote about.

By dualizing Kripke’s work
one could also consider

Graham Priest’s LP,
Logic of Paradox.

Truth values are
false,>, true
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is false is trueis contradictory

>

Using this is similar to
using Kleene’s strong 3 valued.

false true
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Albert Visser brought a
four-valued logic of Belnap and Dunn

into the subject.

This is what I’ll mostly discuss.

In fact, it subsumes all the
ones mentioned so far.



The Belnap-Dunn
Four Valued Logic
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There are several ways
of thinking about these values.

Here is a simple one.

Truth values are
?, false, true, >

FOURWe call their system
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Let’s use 0 and 1 for

classical falsity and truth.

Think of the four values as

sets of classical values,

representing information we have been told,

possibly incomplete, or wrong.

? = ;
false = {0}
true = {1}
> = {0, 1}
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For any of the four truth values, a, b
let a t b mean

a is more false than b or

b is more true than a
or both.

false t ?, that is,

{0} t ;
because {0} contains 0 but ; doesn’t

so {0} is more false than ;.
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? t true, that is,
; t {1}

because {1} contains 1 but ; doesn’t

so {1} is more true than ;.

So false t ? t true.

You can check that

false t > t true.
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But ? and > are incomparable.

You can’t get from one to the other

by dropping 0’s and adding 1’s.

Here’s a Hasse diagram
showing the values and the ordering.
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true

false

? >
t

Degree of Truth
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Does th
is need explaining?

t is a complete lattice

That is, least upper bounds and

greatest lower bounds exist for

non-empty sets.
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true

false

? >
t

a ^ b = glb{a, b}
a _ b = lub{a, b}

For any a, b 2 FOUR
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true

false

? >
t

^ false ? true >
false false false false false
? false ? ? false
true false ? true >
> false false > >

_ false ? true >
false false ? true >
? ? ? true true
true true true true true
> > true true >
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true

false

? >
t

Negation is a symmetry.

¬
false true
? ?
true false
> >
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true

false

? >
t

On ?, false, true
these are the operations of

Kleene’s strong three valued logic.
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true

false

? >
t

On >, false, true
these are the operations of

the logic of paradox.
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The ordering t, on ‘degree of truth’

is not the only natural ordering on FOUR.

Recall we used 0 and 1 for

classical falsity and truth.

? = ;
false = {0}
true = {1}
> = {0, 1}

And we informally thought as follows.
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Order by how much ‘information’
we have been given.

and these have more than ;.

Use the ✓ ordering on

the power set of {0, 1}.

It is customary to use k for this,

ordering on the ‘knowledge’ we possess.

{0, 1} represents more information than

either {0} or {1},



k
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truefalse

?

>

Degree of Knowledge
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This too is a complete lattice.

So again, least upper bounds and

greatest lower bounds exist for

non-empty sets.

We introduce ‘information’ operations,
that are not really
logic operations.



 54

k

truefalse

?

>

For any a, b 2 FOUR
a⌦ b = glb{a, b}
a� b = lub{a, b}

But this time glb and lub are with respect

to the k ordering.
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k

truefalse

?

>

⌦ false ? true >
false false ? ? false
? ? ? ? ?
true ? ? true true
> false ? true > � false ? true >

false false false > >
? false ? true >
true > true true >
> > > > >
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k

truefalse

?

>

And there is a kind of
dual to negation. �

false false
? >
true true
> ?
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The operation ⌦ is called consensus

� is called gullibility

and � is called conflation.

The overall structure can be
represented using a

double Hasse diagram.

We thus have two orderings, t and k,

four binary operations, logic: ^, _; information: ⌦, �,

and two unary operations, logic: ¬; information: �.



k
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truefalse

?

>

t

The Bilattice FOUR



Where Are We Now?
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Classical truth values can’t handle
liar sentences or truth tellers

or other self-referential sentences.

We have introduced several
three-valued logics instead.
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We have also introduced a
four-valued logic that extends

Kleene strong three-valued logic
and the logic of paradox.

We will see later that
Kleene weak three-valued logic

and super valuations also
can be modeled in the four-valued logic.

It also extends classical
two-valued logic.
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From now on we work exclusively

with FOUR
as our primary space of truth values.

We have a formal language that
extends a language of arithmetic.

Since we have arithmetic,

every sentence X has a Gödel number pXq.
so we can represent that X is true

in our language as T (pXq).
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Suppose we use $ to represent

“has the same truth value from FOUR.”

We want machinery that assigns

truth values from FOUR
so that all sentences of arithmetic,

true in the standard model

evaluate to true,
while sentences involving T can

take on non-classical truth values,

but so that T (pXq) $ X
is always the case.
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To do this

we introduce a four-valued version

of Kripke’s truth revision operator.

But first, we need to

introduce the formal machinery for

assigning truth values to sentences.



Valuations
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Recall, T (n) is an abbreviation for

T (s(s(· · · s(0) · · · ))) where there are n
occurrences of s.

For convenience, we have assumed

our Gödel numbering is onto,

so all T instances are of the form T (pXq).

T (pXq) is T of the

Gödel number (properly numeral) of X.
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A valuation v is a mapping

from the natural numbers to FOUR.

T (n) has truth value v(n), with respect to v.

In particular, T (pXq) has truth value v(pXq),
with respect to v.



 66

A closed term is built up from

constant symbol 0 using

function symbol s and operation symbols + and ⇥.

A closed term designates a number

in the obvious way.

For instance, (s(s(0)) + s(0)) designates 2 + 1 or 3.
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An atomic sentence t = u has the
truth value true if t and u
designate the same number.

Otherwise it has the value false.

So atomic sentences of arithmetic
only have classical truth values.

This is with respect to any valuation.
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We will only consider the
standard model for arithmetic.

Then we can define truth values
for sentences (closed formulas)
directly, without considering

a notion of satisfaction.
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We have already defined truth values

for atomic sentences, with respect to valuation v.

Let v be a valuation.
We write v(X) for the truth value, in FOUR

of the sentence X
Here are the conditions.
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v(X ^ Y ) = v(X) ^ v(Y )

v(X _ Y ) = v(X) _ v(Y )

v(¬X) = ¬v(X)

Values on the right

are calculated using the

operations in FOUR.
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v(8x'(x)) = glb{v('(n)) | n any natural number}
v(9x'(x)) = lub{v('(n)) | n any natural number}

Here glb and lub are with respect to
the t ordering.

The same ordering that is used for
^ and _.
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Now, for each valuation v, and
for each sentence X,

v(X) has been defined, and

is one of the truth values in FOUR.

Please note, v is defined arbitrarily
for specifying the behavior of T .

Think of it as a kind of guess on our part

as to how things might be.
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Given v, specifying how T behaves,

v(X) is defined for every sentence X.

In short, we are given v(pXq) for each X,

we compute v(X) for each X.

v(pXq) and v(X) need not be the same.

Recall that, by definition,

v(T (pXq)) = v(pXq),
and this could have any value.

The map v on natural numbers is arbitrary.
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Here’s an example of
why not every valuation

will do this.

Recall, we want to find valuations v such that

v(T (pXq)) = v(pXq) = v(X)
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Let X be the formula (0 = 0) _ T (p0 = 0q)

v(X) = v(0 = 0) _ v(T (p0 = 0q))
= true _ v(p0 = 0q)
= true _ ?
= true

Let v be the valuation such that

v(n) = ? for every n

But v(T (pXq)) = v(pXq) = ?



Why Fixpoints
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We define an operator, �,
mapping valuations to valuations.

Recall, a valuation is a mapping

from the natural numbers to FOUR.

Also recall that we are using a Gödel numbering

that is onto, so that

for every n there is some formula X
so that n = pXq.
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Let v be a valuation,

think of it as input to the operator.

Using it we define a new valuation, w,
think of it as output of the operator.

Very simply, w(pXq)
is defined to be v(X).
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That is, to evaluate w(n),
let X be the formula with Gödel number n,

use v to assign a truth value to X, that is, v(X),
and set w(n) to be v(X).

� is the operator whose

output on valuation v is

valuation w.
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More succinctly, � is the operator

mapping valuations to valuations

such that

�(v)(pXq) = v(X).

� is a truth revision operator.
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Recall, we want to find valuation v such that

v(T (X)) = v(pXq) = v(X)

Restated, we want a valuation v
such that for all X,

v(pXq) = v(X)

= �(v)(pXq)
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In short, we want v such that

v = �(v).

We want a fixed point of �.

Very informally, we want a valuation

giving us a ‘complete picture’ that

we cannot revise ourselves

away from.
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This is a good place
to stop until tomorrow.

Questions?



 1

Recall where
we left off…



Why Fixpoints

 2

We define an operator, �,
mapping valuations to valuations.

Recall, a valuation is a mapping

from the natural numbers to FOUR.

Also recall that we are using a Gödel numbering

that is onto, so that

for every n there is some formula X
so that n = pXq.
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Let v be a valuation,

think of it as input to the operator.

Using it we define a new valuation, w,
think of it as output of the operator.

Very simply, w(pXq)
is defined to be v(X).
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That is, to evaluate w(n),
let X be the formula with Gödel number n,

use v to assign a truth value to X, that is, v(X),
and set w(n) to be v(X).

� is the operator whose

output on valuation v is

valuation w.
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More succinctly, � is the operator

mapping valuations to valuations

such that

�(v)(pXq) = v(X).

� is a truth revision operator.
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Recall, we want to find valuation v such that

v(T (X)) = v(pXq) = v(X)

Restated, we want a valuation v
such that for all X,

v(pXq) = v(X)

= �(v)(pXq)
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In short, we want v such that

v = �(v).

We want a fixed point of �.

Very informally, we want a valuation

giving us a ‘complete picture’ that

we cannot revise ourselves

away from.



The Knaster-Tarski 
Theorem
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This is a very general,
and elegant,

result on the existence of fixpoints.
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A complete lattice is a set L,
with a partial ordering 
in which every subset has

a greatest lower and a least upper bound.

We’ll write

V
S for

the greatest lower bound of S, andW
S for the least upper bound.
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Greatest lower bounds meet the conditions:

1.

V
S  x for every x 2 S

(

V
S is a lower bound).

2. If y  x for every x 2 S

then y 
V

S

(

V
S is greatest of the lower bounds).

Least upper bounds meet

the dual version of these conditions.
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A mapping f : L ! L on a lattice is

monotone if x  y implies f(x)  f(y).

Knaster-Tarski Theorem:

A monotone mapping on

a complete lattice has a least

and a greatest fixed point.

Further, the set of fixed points is itself

a complete lattice (we won’t need this).
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Proof of Knaster-Tarski

Assume L is a complete lattice

with  as ordering, and

assume f : L ! L is monotone.

Let S = {x 2 L | f(x)  x}.

We’ll show

V
S is

the least fixed point of f .
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Let S = {x 2 L | f(x)  x}.

Note: S is not empty.
A complete lattice has a largest member,

call it >.
Of course f(>)  >,

so > 2 S.
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Let S = {x 2 L | f(x)  x}.

If x 2 S then f(x) 2 S.

Assume x 2 S.

Then f(x)  x.

By monotonicity, f(f(x))  f(x).
So f(x) 2 S.
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Let S = {x 2 L | f(x)  x}.

f(
V

S) 
V

S

Let x be an arbitrary member of S.V
S  x (

V
S is a lower bound)

f(
V

S)  f(x) (monotonicity)

f(
V

S)  x (because f(x)  x)

f(
V

S) is a a lower bound (because x was arbitrary)

f(
V
S) 

V
S (because

V
S is greatest)
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Let S = {x 2 L | f(x)  x}.

V
S  f(

V
S)

Just showed f(
V

S) 
V
S

By definition,

V
S 2 S

S is closed under f so f(
V
S) 2 SV

S is a lower bound

so

V
S  f(

V
S)
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Let S = {x 2 L | f(x)  x}.

f(
V

S) =
V

S
so

V
S is a fixed point.

If x is any fixed point, x 2 S,

and then

V
S  x becauseV

S is a lower bound for S.

So

V
S is the

least fixed point of f .
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Dualizing this proof
shows the existence of a

greatest fixed point.

Now we go back to
our semantical setup,
based on arithmetic,

a truth predicate symbol,
and four-valued logic.



Monotonicity
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Recall, �(v) is the valuation

such that, for each formula X,

�(v)(pXq) = v(X).

We want a fixed point for �.
If we had a complete lattice so that

� was monotonic,

Knaster-Tarski could be applied.

We return to our
four-valued space of truth values.
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k
truefalse

?

>

t

The Bilattice FOUR
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We use this to induce a
similar structure on the

set of all valuations.

Let v and w be valuations.

We define:

v t w if v(n) t w(n) for all n
v k w if v(n) k w(n) for all n
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Each ordering gives the space of valuations
the structure of a complete lattice.

Our formulas only involve logic operations.
The knowledge operations, �, ⌦, . . .

are not involved.

But � is not monotonic

with respect to the truth ordering.
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Briefly, negation reverses the ordering.

We should expect negation
to be a problem.

But things work well
if we consider the knowledge ordering!
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To see this, we need to look at

some of the important features

of FOUR.

These really have to do with

its structure as a bilattice,
but this is more than we

have time for today.



Some Important 
Properties of          . 
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With respect to each ordering,
all distributive laws hold.

a ^ (b _ c) = (a ^ b) _ (a ^ c)

a _ (b ^ c) = (a _ b) ^ (a _ c)

a⌦ (b� c) = (a⌦ b)� (a⌦ c)

a� (b⌦ c) = (a� b)⌦ (a� c)

FOUR
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With respect to each ordering,
all distributive laws hold.

a ^ (b _ c) = (a ^ b) _ (a ^ c)

a _ (b ^ c) = (a _ b) ^ (a _ c)

a⌦ (b� c) = (a⌦ b)� (a⌦ c)

a� (b⌦ c) = (a� b)⌦ (a� c)
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Remarkably, distributive laws hold
between the two orderings.

a ^ (b⌦ c) = (a ^ b)⌦ (a ^ c)

a⌦ (b ^ c) = (a⌦ b) ^ (a⌦ c)

a ^ (b� c) = (a ^ b)� (a ^ c)

a� (b ^ c) = (a� b) ^ (a� c)

a _ (b⌦ c) = (a _ b)⌦ (a _ c)

a⌦ (b _ c) = (a⌦ b) _ (a⌦ c)

a _ (b� c) = (a _ b)� (a _ c)

a� (b _ c) = (a� b) _ (a� c)
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This says FOUR is a
distributive bilattice.

a ^ (b⌦ c) = (a ^ b)⌦ (a ^ c)

a⌦ (b ^ c) = (a⌦ b) ^ (a⌦ c)

a ^ (b� c) = (a ^ b)� (a ^ c)

a� (b ^ c) = (a� b) ^ (a� c)

a _ (b⌦ c) = (a _ b)⌦ (a _ c)

a⌦ (b _ c) = (a⌦ b) _ (a⌦ c)

a _ (b� c) = (a _ b)� (a _ c)

a� (b _ c) = (a� b) _ (a� c)
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Operations are order-preserving
with respect to their lattice ordering.

a t b and c t d ) (a ^ c) t (b ^ d)

a t b and c t d ) (a _ c) t (b _ d)

a k b and c k d ) (a⌦ c) k (b⌦ d)

a k b and c k d ) (a� c) k (b� d)
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Operations are also order preserving
with respect to the other lattice ordering.

a k b and c k d ) (a ^ c) k (b ^ d)

a k b and c k d ) (a _ c) k (b _ d)

a t b and c t d ) (a⌦ c) t (b⌦ d)

a t b and c t d ) (a� c) t (b� d)

This says FOUR is an
interlaced bilattice.

Similar results hold for

infinitary operations,

in particular, for

V
and

W
.
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Distributivity implies interlacing.

Here’s part of a proof of this.

Suppose a k b.

Then (a� b) = b,

so (a� b) ^ d = b ^ d,

and using distributivity,
(a ^ d)� (b ^ d) = b ^ d,

so a ^ d k b ^ d.



 32

We also have

a k b ) ¬a k ¬b
and

a t b ) �a t �b.



Monotonicity At Last

 33

Let X be a sentence in our language.

It can be shown,

by induction on the complexity of X,

that v(X) k w(X).

The interlacing conditions,

and the negation condition,

give us exactly what we need

for this.

Suppose v k w,
where these are valuations.
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v k w

v(X) k w(X)
for every sentence X

�(v)(pXq) k �(w)(pXq)
for every X

�(v)(n) k �(w)(n)
for every n

�(v) k �(w)
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The truth revision operator �
is defined using the truth operations,

those of the t ordering.

It is monotonic in

the k ordering.
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Now Knaster-Tarski tells us

� has fixed points,

valuations we cannot

revise ourselves away from.

But all this has been in FOUR.

What about the three-valued logics

we began with?

Later we will look further at

the structure of fixed points.



Three-Valued Again

 37

Restricted to {false,?, true},
FOUR behaves like the strong Kleene logic

with respect to the truth operations.

Here’s a way of bringing in weak Kleene.
It looks a bit complicated

because it’s designed for something more general,
that we won’t cover here.
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We introduce cut-down operations.

First, for each x 2 FOUR,

kxk = (x� ¬x)

Then we introduce weak operations

x ^w
y = (x ^ y)⌦ kxk ⌦ kyk

x _w
y = (x _ y)⌦ kxk ⌦ kyk
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^w
and _w

behave like

the weak Kleene operations on {false,?, true}

Infinitary operations for

interpreting quantifiers are similar.

¬ is the same in

strong and weak Kleene.

The key point is that

we still have monotonicity

with respect to k.
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kxk = (x� ¬x)

monotonic

x ^w
y = (x ^ y)⌦ kxk ⌦ kyk

monotonic
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Similarly for _w
, negation, and

the infinitary operations.

Then our fixpoint work applies to

this weak Kleene, extended to

include >.
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It is also possible to
bring supervaluations in,

but it is a bit complicated,
and time is limited.

I’ll give references later.



Knaster-Tarski Again

 43

We saw a very elegant
proof of the Knaster-Tarski theorem.

It is not the only one.

Here is another,
that gives us further information.
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Again, assume L is a complete lattice

with  as ordering, and

assume f : L ! L is monotone.

We associate a member m↵ of L
with each ordinal number ↵,

as follows.
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m0 = ?
the least member of L
in the  ordering.

m↵+1 = f(m↵)

For a limit ordinal �,
m� =

W
{m↵ | ↵ < �}

(Here
W

is short for
least upper bound.)
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This gives us a chain,
m0  m1  m2  . . .  m!  m!+1  . . .

Here’s a quick sketch of a proof.

m0  m1 because
m0 = ?, and ?
is  anything.

Suppose m↵  m↵+1.

By monotonicity,

f(m↵)  f(m↵+1),
so m↵+1  m↵+2.
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If � is a limit ordinal,

and ↵ < � then

m↵  m� because

m� is the least upper bound

of its predecessors.

Thus m0  m1  m2  . . .  m!  m!+1  . . .
is a weakly increasing chain
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m0  m1  m2  . . .  m!  m!+1  . . .
cannot be strictly increasing because

we would have a 1-1 mapping

from all ordinals to a

subset of L, and in set theory,

this is impossible for any set L.

It follows that, from some point on,

the sequence is constant.

We have reached a fixed point.
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Suppose c is any fixed point of f .
I’ll leave it as an exercise to show

m↵  c for every ↵.

It follows that we have reached

the least fixed point.

(There is a similar way of approximating

to the greatest fixed point,

by dualizing everything.)



Consequences
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We now have a way of proving something

about least fixed points,

using a kind of induction.

The Kleene logics
only involve truth values

we can call
consistent.
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k
truefalse

?

>

t

consistent

Structurally, x is consistent

if x k �x.

Call a valuation v consistent

if v(n) is consistent
for all n.
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In FOUR we have deMorgan’s laws.

¬(x ^ y) = (¬x _ ¬y)
¬(x _ y) = (¬x ^ ¬y)

And infinitary versions too.
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We also have the following.

�(x⌦ y) = (�x��y)

�(x� y) = (�x⌦�y)

and infinitary versions.
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In addition we have crossed versions,

�(x ^ y) = (�x ^ �y)

�(x _ y) = (�x _ �y)

And infinitary versions.

We also have

�¬x = ¬� x
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It follows by induction on formula degree,

using these and the interlacing conditions, that

v consistent implies v(X) is consistent,
as a member of FOUR
for every formula X.

Then if v is consistent, so is �(v)
because

�(v)(pXq) = v(X).
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Now construct a transfinite sequence of valuations,
v0, v1, v2, . . . v!, v!+1, . . ..

v0 = the always ? valuation

v↵+1 = �(v↵)

v� = lub{v↵ | ↵ < �}

Here � is a limit ordinal and
least upper bound is in the k ordering.
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v0 is obviously consistent.

If v↵ is consistent, so is v↵+1.

If each v↵ is consistent for ↵ < �,
it is easy to show v� is consistent.

(Exercise)
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Then every v↵ is consistent,

so the least fixed point of �
is consistent.

In the least fixed point,

both the liar and the truth teller

have value ?.
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One can show that in the largest fixed point,
both have value >.

There are fixed points in which

the truth teller is true, and
there are fixed points in which it is false.

There are no fixed points in which

the liar is true, and
there are no fixed points in which it is false.
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This leads to a kind of
classification of paradoxical sentences.

It is based on how they behave
in various kinds of fixed points.

But now we should turn to



What Was It
Kripke Did?

 61

I’ve been presenting a descendant
of Kripke’s original work.

It is time to look at
how it all began.
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Kripke did not use four-valued logic.

He worked with three-valued logics directly:
Kleene strong
Kleene weak

Supervaluations

Since there is no > value,

we don’t have a complete lattice
under k.



 63

There is a replacement for
Knaster-Tarski, but

it is more complicated.

Kripke’s presentation was
somewhat informal and there

were no detailed proofs,
though complex results
were carefully stated.
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Instead of our k ordering,

Kripke interpreted the truth predicate T
with an extension and an anti-extension.

These could not overlap,

hence consistency was built in.

His development is isomorphic to
the result of confining

what you have seen here so far
to its consistent part.
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The fact that there were many
fixed points was not considered

a problem.

It was a feature.

Let us say a sentence has a truth value
in one of Kripke’s fixed points

if it is one of true or false,
but not   .⊥
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Kripke calls a sentence
grounded

if it has a truth value in
the smallest fixed point.

Recall the ‘approximation sequence’
construction for the least fixed point.

It provides bottom up reasons for
why something has the truth value it does.
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Kripke also calls a sentence
paradoxical

if it does not have a truth value
in any fixed point.

The liar sentence is
paradoxical and ungrounded.

The truth teller is
not paradoxical but it

is ungrounded.
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Kripke calls a fixed point
intrinsic

if it agrees with each fixed point
on sentences that have truth values

in both.

Recall, Kripke only has
consistent fixed valuations.
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In our version, using FOUR,

a fixpoint a is intrinsic if

a� b is consistent,

for every consistent fixpoint b.

The least fixed point is
obviously intrinsic.
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In fact, there are many
intrinsic fixed points.

In fact, there is a largest one.

There is even a way to
approximate to it from above.

But that is too much
for us to show now.
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A sentence has an intrinsic truth value if
it has a truth value in some

intrinsic fixed point,
equivalently, in the largest intrinsic fixed point. 

“Either this sentence or
its negation is true.”

is intrinsic.
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Kripke’s work provides
formal machinery for assigning truth values

to all sentences, including
self-referential ones.

The multiplicity of truth values
is a virtue

in classifying the behavior of
problematic sentences.

The methodology does not commit
us to a single logic,

but works for a range of them.
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There is much more that could be said,
but not now.

Here, in chronological order
are some
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