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Individual vs. group



Agency perspectives

• Belief, desire/preference and intention
(BDI model in AI. e.g. Cohen and Levesque, 1990)

• Decision making

• Planning and action

How are individuals and groups connected in agency?



From individual to collective intention

Individual ⇒ small scale ⇒ large scale (Bratman 1987, 2014)



Individual vs. group preference

Social choice theory: preference/judgement aggregation, belief
merge. (Arrow, K., 1951/1963, Social Choice and Individual
Values. New York: Wiley.



Individual behavior and social norms

Skyrms, Social Dynamics, Oxford University Press, 2014



Our approach

• Study individual’s belief change in strctured social networks,
establish the connection between network structural properties
and potential belief of a group.

• Methodology: We follow the tradition of using dynamical
system models to understand philosophical issues, pioneered
by Patrick Grim and Brian Skyrms.

• Goal: Understand the interplay of individuals and groups in
forming beliefs, as a prime example of understanding the
epistemic behavior of collective entities.
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Representing an agent’s belief

DeGroot model:

c =

0.2
0.3
0.9


An agent’s belief is represented by her subjective probability for a
given proposition to be true.

In general, given a group G with n agents, the agents’ subjective
probabilities are represented by an n-dimensional vector with its ith
entry representing the ith agent’s subjective probability.

[DeGroot, 1974]



Binary qualitative belief

Threshold model:

b =

1
1
0


In threshold models, the agent either believes or does not believe
the given proposition (i.e. binary qualitative belief).

Longstanding idea, adopted in [Liu et al, 2014], [Baltag and
Smets, 2016], [Grandi et al, 2015]



Trust matrix

Given a group of agents {1,2,3}, their mutual trust is represented
in a trust matrix. For instance,

T =

 0 1 0
0.4 0 0.6
1 0 0


where T12 = 1 and T23 = 0.6, that is, agent 1 only trusts agent 2
and agent 2 puts weight 0.6 on agent 3. Each agent puts 0 for
herself, which means she is completely influenced by others.

Trust matrix ⇒ associated graph ⇒ structured social network



One step belief update

T =

 0 1 0
0.4 0 0.6
1 0 0



b =

1
1
0



b′ = Tb =

 1
0.4
1





Common features of DeGroot and
threshold models

• Given the current belief and the trust matrix, each update
gives each agent’s belief at the next stage.

• Opinion pooling is performed by each agent, consciously or
unconsciously round by round. Each execution determines the
agents’ beliefs in the next round. The process is deterministic.



New interpretation

b′ = Tb =

 1
0.4
1


According to the DeGroot model, 0.4 is agent 2’s subjective
probability of believing in the given proposition in the next step.

Our new interpretation: 0.4 is the objective probability of agent
2’s believing in the given proposition in the next step.

It is certain for the agent to believe P with degree 0.4 in the next
step VS: There is 40% probability that the agent will believe P.



From individual to group

• State transition probability for a group/community
(Markov chain)

• Each agent updates independently, one calculates

b′ = Tb =

 1
0.4
1


For example, given the above T and b, the probability of the belief
state for three agents [1, 0, 1]> in the next step is 1× 0.6× 1 = 0.6.



Transition matrix
Given a trust matrix for three individuals

T =

 0 1 0
0.4 0 0.6
1 0 0


the transition matrix for their belief states is

T =



111 110 101 100 011 010 001 000

111 1 0 0 0 0 0 0 0
110 0.4 0 0.6 0 0 0 0 0
101 0 0 0 0 1 0 0 0
100 0 0 0 0 0.4 0 0.6 0
011 0 0.6 0 0.4 0 0 0 0
010 0 0 0 1 0 0 0 0
001 0 0 0 0 0 0.6 0 0.4
000 0 0 0 0 0 0 0 1





Outline

1 Individuals vs. groups

2 From degree of belief to transition probability

3 Evolution and convergence

4 Potential belief of a group



Convergence

Iterated matrix Tn: given the current state, the probability of the
Markov chain transiting to other states after n steps.

Question 1:
Under what conditions does Tn converge, as n tends to ∞?

Conceptually, convergence means that the transition probability
tends to get stable after enough steps, and it implies there is a
tendency for the group to have a certain belief.

Question 2:
What does the limiting matrix look like if its iterations converge?



Answer to Q1

Theorem
If the trust matrix is strongly connected and aperiodic, then the
powers of the transition matrix converge to a limiting matrix.



Definition (Strongly connected trust matrix)

A graph is strongly connected if all its nodes can reach each other
via some path.

A trust matrix T is strongly connected if its associated graph GT is
strongly connected.



Definition (Aperiodic)

Given a trust matrix T, the period of an agent i in the model is
the greatest common divisor of the members in the set
{n ∈ N | Tn

ii > 0}:

d(i) = gcd{n ∈ N | Tn
ii > 0}

agent i is aperiodic if d(i) = 1 and periodic if d(i) > 1. T is
aperiodic if all the agents in it are aperiodic.

Aperiodicity serves to avoid oscillation.



Example

T100 =



111 110 101 100 011 010 001 000

111 1 0 0 0 0 0 0 0
110 0.77 0 0 0 0 0 0 0.23
101 0.62 0 0 0 0 0 0 0.38
100 0.38 0 0 0 0 0 0 0.62
011 0.62 0 0 0 0 0 0 0.38
010 0.38 0 0 0 0 0 0 0.62
001 0.23 0 0 0 0 0 0 0.77
000 0 0 0 0 0 0 0 1





Answer to Q2

Definition (Absorbing)

A state si of a Markov chain is called absorbing if it is impossible
to leave it.

A Markov chain is absorbing if it contains at least one absorbing
state, and if for every state the probability of reaching an absorbing
state (not necessarily in one step) is strictly positive.



Answer to Q2

Theorem
If the trust matrix is strongly connected, there exists exactly two
absorbing states in the transition matrix: 1 and 0.

Theorem
If the trust matrix is strongly connected and aperiodic, then the
transition matrix is a matrix for an absorbing Markov chain.



Connecting trust and transition matrices

Theorem
If the trust matrix T is strongly connected, then the following four
statements are equivalent:

1 the trust matrix T is aperiodic,

2 the transition matrix generated from T is absorbing,

3 the transition matrix generated from T is convergent,

4 the trust matrix T is convergent.
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Potential belief of a group

Now we can define a new notion of group belief.

If the group G ’s initial belief state is b, then the group G has a
potential belief in the given proposition if there exists a natural
number N such that for all n ≥ N:

Tn
b1 > 0.5

Intuitively, a group has a potential belief in a given proposition if
after sufficiently many steps, it is always very probable (> 0.5) that
the group will reach a positive consensus on the given proposition.

By our previous result, if the trust matrix is strongly connected and
aperiodic, potential belief will always arise.



Features of potential belief

• Social interaction: Trust matrix (structured networks) and
iteration of updating.

• High probability of the tendency to consensus: Potential
belief in a group is based on the objective transition
probabilities. It makes use of the 0.5-threshold rule.

• Stability: Potential belief requires the persistence of high
transition probability to positive consensus. This stability
ensures that the notion of potential belief is not just a
temporary artefact.

[Leitgeb 2017 has a notion of stability for individual beliefs]



Conclusions

• We have proposed a dynamical systems model for studying
the interplay of individual and group beliefs.

• We found general conditions on social structure under which
group beliefs will stabilize.

• We introduced a new notion of potential belief in a group,
that may have independent interest.



The next tasks

• Extending our mathematical results on Markov chains.

• Determining the logic of group potential belief.

• Analyzing other cases of interaction of individual and group
beliefs in the same style.
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