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Example: The System HYPE and Its Application to Truth

I will start by sketching a new logical system called ‘HYPE’, which can be used
as a background system for hyperintensional operators (similar to Fine 2012).

But today I will focus on a different application—a theory of truth & paradox.

I regard this application of HYPE to theories of truth as a typical instance of an
application of logic in philosophy.



In HYPE’s semantics, a formula A will be evaluated at a state s:

s |= A,

which may be interpreted as:

A is satisfied in s, and s belongs to A’s “inexact” subject matter,

s is an “inexact” or partially relevant truthmaker of A,

s is a way of A being true,

...



Just like for worlds in possible worlds semantics, we will have:

States s decide disjunctions (s |= B∨C iff s |= B or s |= C).

States s are “closed” under conjunction (s |= B∧C iff s |= B and s |= C).

(E.g., we will have: s |= p∨ (p∧q) iff s |= p or s |= p∧q iff s |= p.
Which will not be equivalent to s |= p∧ (q∨¬q)!)

In contrast with worlds:

States s may be incomplete (s 6|= B and s 6|= ¬B).

States s may be overdetermined (s |= B and s |= ¬B).

Finally,

some states s,s′ may be fused with each other (s = s′ ◦ s′′),

states s,s′ may be incompatible with each other (s ⊥ s′),

for every state s there is a “largest” state s∗ compatible with s (s 6⊥ s∗).

This is all made precise by the definition of ‘HYPE-model’.



[FOR THE RECORD:] A HYPE-modelM is a quadruple 〈S,V ,◦,⊥〉, such that:

S is a non-empty set (the set of states).

V : S→℘({p1,p1,p2,p2,p3,p3, . . .}) (the valuation function).

◦ is a partial function from S×S to S (the fusion function), such that:
– Either s ◦ s′ is undefined, or s ◦ s′ is defined (and hence in S) in which

case we require V (s ◦ s′)⊇ V (s)∪V (s′).
– s ◦ s is defined, and s ◦ s = s.
– If s ◦ s′ is defined, then s′ ◦ s is defined, and s ◦ s′ = s′ ◦ s.
– If (s ◦ s′)◦ s′′ is defined, then s ◦ ((s ◦ s′)◦ s′′) is defined, and

s ◦ ((s ◦ s′)◦ s′′) = (s ◦ s′)◦ s′′.

⊥ is a binary symmetric relation on S (the incompatibility relation), s.t.:
– If there is a v with v ∈ V (s) and v ∈ V (s′), then s ⊥ s′.
– If s ⊥ s′ and both s ◦ s′′ and s′ ◦ s′′′ are defined, then s ◦ s′′ ⊥ s′ ◦ s′′′.

For every s in S there is a unique s∗ ∈ S (the star image of s), such that:
– V (s∗) = {v |v < V (s)}.
– s∗∗ = s.
– s and s∗ are not incompatible with each other: s 6⊥ s∗.
– s∗ is largest having the last property: if s 6⊥ s′, then s′ ◦ s∗ = s∗.



In a diagram:

	

Overdetermined,	
not	incomplete:	
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Incomplete,	
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not	incomplete	
(worlds):	

	
	

p,	q,	¬r	

*	

*	

*	

S:	



Satisfaction clauses:

s |= v iff v ∈ V (s) (where v is a literal).

s |= ¬A iff for all s′: if s′ |= A then s ⊥ s′.

(In words: s |= ¬A iff s is incompatible with every “way” of A being true.)

s |= A∧B iff s |= A and s |= B.

s |= A∨B iff s |= A or s |= B.

s |= A→ B iff for all s′: if s′ |= A and s ◦ s′ is defined, then s ◦ s′ |= B.

(In words: s |= A→ B iff “adding” A to s yields B.)

s |=>.

The hyperintension expressed by A in the model is: {s ∈ S |s |= A}.



An example from ordinary maths:

States are subsets of {〈e, i〉 |e is an edge in a graph G, i ∈ {0,1}}.

Propositional letters:
−→
vv ′. Define V , ◦, ⊥ as intended.

Formulas will then describe actions in G:

–
−→
vv ′: Walking from v to v ′.

– ¬A: Blocking action A.

– A∧B: Carrying out A and B.

– A∨B: Carrying out A or B.

– A→ B: Carrying out the sub-actions of B not contained in A.

	

v1	

v4	

v2	
v5	

v3	

e1	 e5	
e2	

e3	

e4	

e6	

{〈e1,1〉,〈e2,1〉,〈e3,1〉} |=−−→v1v4, {〈e1,1〉,〈e4,1〉,〈e6,1〉} |=−−→v1v4,
{〈e5,1〉,〈e6,1〉} |=−−→v1v4

{〈e1,0〉,〈e5,0〉} |= ¬−−→v1v4, {〈e1,0〉,〈e6,0〉} |= ¬−−→v1v4,
{〈e2,0〉,〈e4,0〉,〈e5,0〉} |= ¬−−→v1v4, {〈e2,0〉,〈e6,0〉} |= ¬−−→v1v4,
{〈e3,0〉,〈e4,0〉,〈e5,0〉} |= ¬−−→v1v4, {〈e3,0〉,〈e6,0〉} |= ¬−−→v1v4

{〈e1,1〉} |=−−→v2v4→−−→v1v4.



Such structures and operations are well-known (cf. Jennings and Chen 2013):

(Minimal) Hyperintensions ≈

“Sperner families” (combinatorics), “clutters” (optimization), “simple
hypergraphs” (hypergraph theory),. . .

(e.g., the set of arc-sets of paths from node v to v ′).

Negation ≈

“blocker” or “transversal hypergraph”

(e.g., set of cuts that separate v ′ from v ).

If-then ≈ taking “minors”.

(cf. Edmonds and Fulkerson 1970)



Define:

A1, . . . ,An |= B iff
for all modelsM, for s in S, if s |= A1,. . ., s |= An, then s |= B.

|= B iff for all modelsM, for s in S, s |= B.

Observation
Every logical truth contains→ or >.

Logical consequence for formulas without→ and > coincides with
First-Degree-Entaiment (FDE) and has the variable-sharing property.

Excluded Middle, the Law of Non-Contradiction, Explosion,
Disjunctive Syllogism, and (General) Contraposition are not logically valid.

Thus, HYPE extends the→–free fragment of relevance logic(s).
HYPE also extends intuitionistic logic (for intuitionistic negation A→⊥).

(Sets of) Classical models can be viewed as HYPE-models, too:
in them, HYPE’s ¬ and→ coincide with classical ¬ and→.



The (propositional) logic of HYPE in full detail:

` >.

` A→ A.

` A→ (B→ A).

` A→ (B→ C)→ ((A→ B)→ (A→ C)).

` A∧B→ A. ` A∧B→ B.

` A→ A∨B. ` B→ A∨B.

` A→ (B→ A∧B).

` (A→ C)→ ((B→ C)→ (A∨B→ C))

` A∧ (B∨C)↔ (A∧B)∨ (A∧C).

` A∨ (B∧C)↔ (A∨B)∧ (A∨C).

` ¬¬A↔ A.

` ¬(A∧B)↔¬A∨¬B.

` ¬(A∨B)↔¬A∧¬B.
` A→ B
` ¬B→¬A

A, A→ B ` B.



Theorem
A1, . . . ,An,B ` C iff A1, . . . ,An ` B→ C.

Φ ` A iff Φ |= A.

If ` C[p], then ` C[A].

HYPE has the finite model property.

The set of logical truths of HYPE is decidable.

HYPE has the Disjunction Property: if |= A∨B, then |= A or |= B.



This system can be extended to first-order languages:

D is a non-empty set (the global domain).

SoA is the set of all tuples

〈P,d1, . . . ,dn〉 and 〈P,d1, . . . ,dn〉

where P is an n-ary predicate, and d1, . . . ,dn ∈ D.
(SoA is the set of states of affairs.)

V : S→℘(SoA) (the valuation function).

Satisfaction at states is now defined relativized to variable assignments:

s,σ |= P(t1, . . . , tn) iff 〈P,σ(t1), . . . ,σ(tn)〉 ∈ V (s).
...

s,σ |= ∀xA iff for all d ∈ D: s,σ d
x |= A.

s,σ |= ∃xA iff there is some d ∈ D, such that s,σ d
x |= A.



Logic: All universal closures of the previous logical axioms of HYPE, as well as
all universal closures of the additional axioms of the following types:

` ∀x(A→ B)→ (∀xA→∀xB)

` ∀xA→ A t
x

` ∀x(A→ B)→ (A→∀xB) (where x does not occur free in A)

` A t
x →∃xA

` ∀x(A→ B)→ (∃xA→ B) (where x does not occur free in B)

` ¬∀xA↔∃x¬A

Theorem (Soundness and Completeness)
The system is sound and complete with respect to the extended semantics.



One application of HYPE is to truth and semantic paradoxes:

Kripke (1975) showed how one can determine fixed point modelsM of, e.g.,
Strong Kleene logic, for languages with a type-free truth predicate Tr and a
background theory of syntax, such that for all A:

M |= Tr(pAq) iff M |= A.

Field (2008) criticized Kripke’s theory for not offering a (bi-)conditional by which
these equivalences could be expressed in the object language. So he added a
new conditional and determined a modelM′ to the effect that for all A:

M
′ |= Tr(pAq)↔ A.

Downside: The new conditional is not so well-behaved, and the modelM′ is of
merely instrumental value.

(We also know one could not have a nice conditional, a nice consequence
relation, and all T-biconditionals, because of Curry’s χ: Tr(pχq)→⊥.)



New idea: Add a “nice” conditional but do not aim at all T-biconditionals!

Theorem
There is a HYPE-model for type-free truth and arithmetic, s.t. for all states s:

For all A without→ (but with quantifiers ranging over the full language),

s |= Tr(pAq)↔ A.

One also has T-biconditionals for some A with→ and Tr : e.g., for arith. B[x],

s |= Tr(p∀x(B[x]→ Tr(x))q)↔∀x(B[x]→ Tr(x))

(and s |= Tr(p∃x(B[x]∧Tr(x))q)↔∃x(B[x]∧Tr(x)).)



Remarks:

The state space of the model extends the set of all four-valued fixed point
models of Visser (1984), Woodruff (1984). (Least state sl ≈ “grounded”.)

The philosophical justification of the theory extends that of Kripke’s (1975)
fixed point theory.

All arithmetical formulas, truths of arithmetical formulas, truth of truths of
arithmetical formulas,. . . behave classically at all states in the model.

We are not guaranteed all instances of the T-scheme, but every “Kripkean”
instance of the T-scheme is satisfied at all states of the model and can be
expressed in the object language.

E.g., for the Liar sentence λ (= ¬Tr(pλq)): for all states s,

s |=MTr Tr(pλq)↔ λ and s |=MTr ¬Tr(pλq)↔¬λ.



Summing up:

HYPE is a system of semantics and logic which is simple, formally nice,
“intuitive”, and which includes various well-known systems as special
cases or subsystems (FDE, SKL, LP, classical logic, intuitionistic logic).

Mathematicians have been studying and applying closely related
structures without realizing that they are dealing with a logical system.

The system can be used to improve Kripke’s theory of truth.
It does so by adding a well-behaved conditional and a HYPE-model
construction with a plausible interpretation. In the model, the truth scheme
is universally valid for→-free sentences but not for all instances.

(For more on HYPE, see my paper in the Journal of Philosophical Logic.)



Methodology: Logic as Rational (Re-)Construction

Metaphilosophical proposal: Let us understand philosophical activities as

activities aiming to contribute to rational (re-)constructions based
predominantly on norms that are neither committed to particular ways the
world might be, nor restricted to any particular universe of discourse.

In particular, this applies to (philosophical) logic,

which aims to rationally (re-)construct logical constants, logical form,
logical consequence,. . . independently of models/domains;

which constructs formal conceptual frameworks in which other rational
(re-)constructions can be carried out.

I take the term ‘rational reconstruction’ from Rudolf Carnap (e.g. in the Aufbau,
1928); it was used later by Reichenbach, Habermas,. . .

(From 1945 Carnap also spoke of ‘explication’. Explication is restricted to
concepts, while rational reconstruction is broader.)



Rational reconstruction:

‘Re-’ means that (usually) an X is given upon which one reflects:
X is a human/cultural product with rationality features.

‘-construction’ means that one is taking apart X :
studying, amending, and reassembling it.

‘rational’ means that, when doing so, one is taking a particular normative
stance:

(i) one determines X ’s rational/irrational features;

(ii) one evaluates X ’s rational/irrational features;

(iii) if sufficiently rational (for a purpose), one leaves X as it is;
if overly irrational, one rejects X ; else, one corrects X ’s irrational features
and enhances X ’s rational features by replacing X by a similar but more
rational X ′.



Philosophy is thus viewed as a certain kind of “rational therapy”—Wittgenstein!
The “medicine” for the “therapy” crucially involves language.

But, contrary to Wittgenstein:

the object of the “therapy” need not be linguistic: one may also rationally
reconstruct concepts, frameworks, beliefs, reasoning, decisions, methods,
norms, ideals, institutions, how they all relate to each other,. . .

the “therapy” need not be exhausted by a “diagnosis” (clarification through
examples, analysis) and potential “amputation” (rejection) but may involve
actual “treatment”:

precisification (where necessary), systematization, and various kinds of
rationality improvement mediated by: the definition of concepts, the
defense of philosophical theses, the construction of philosophical theories
and models, the development of new conceptual frameworks, applications
of logical-mathematical methods, applications to concrete circumstances.

Logical methods pay off in (certain) rational reconstructions by being precise,
systematic, and language-oriented.



Philosophy is thus viewed as a certain kind of “rational therapy”—Wittgenstein!
The “medicine” for the “therapy” crucially involves language.

But, contrary to Wittgenstein:

the object of the “therapy” need not be linguistic: one may also rationally
reconstruct concepts, frameworks, beliefs, reasoning, decisions, methods,
norms, ideals, institutions, how they all relate to each other,. . .

the “therapy” need not be exhausted by a “diagnosis” (clarification through
examples, analysis) and potential “amputation” (rejection) but may involve
actual “treatment”:

precisification (where necessary), systematization, and various kinds of
rationality improvement mediated by: the definition of concepts, the
defense of philosophical theses, the construction of philosophical theories
and models, the development of new conceptual frameworks, applications
of logical-mathematical methods, applications to concrete circumstances.

Logical methods pay off in (certain) rational reconstructions by being precise,
systematic, and language-oriented.



Diachronically, analysis is typically just the first stage of reconstruction:

Stage 1: Analyze X
Stage 2: Destruct X / Change to X ′

}
Rational reconstruction

The outputs of rational analysis and rational reconstruction coincide,
when clarification indicates that not much “rationality repairing/criticism”
needs to be done:

Stage 1: Analyze X
Stage 2: [. . .]

}
Rational analysis

But often rational reconstruction should go beyond plain analysis:

E.g., an inferential pattern, or the reasons for an action, or the
presuppositions of a question, might be perfectly clear (and exact and
systematic), but wrong, in which case they ought to be rejected / rectified.

In other limit cases, something completely new is rationally constructed:

Stage 1: [. . .]

Stage 2: Construct X ′

}
Rational construction



	

informs	 makes						more	
rational								(or	rationally	transparent)	

Mediator:	rational	control;	
																				explicit,	linguistic,	
																				clear,	exact,	systematic	

Human/cultural	
product:	X	

More	rational(ly	transparent)	
human/cultural	
product:	X’	

Justification:	
• Similarity	
• Theoretical	rationality:	norms	concerning	truth	
• Practical	rationality:	norms	concerning	

fruitfulness,	power,	simplicity,	morality,	
aesthetics,...	

functionally	similar	



Example: What do mean by mean by the predicate ‘true (sentence)’?

Famously, Tarski (1935) suggested an answer, and he did so by rationally
reconstructing truth (this is one of Carnap’s 1950 examples of explication!):

Tarski starts by looking at examples and the history of the subject; he
detects patterns: all instances of the truth scheme seem assertable and
acceptable, and they capture in some sense the vague “truth as
correspondence” idea; he points to potential contradictions (Liar!).

And then he develops a way of doing better than that.

He shows how we can define truth for a great variety of formalized
fragments of natural or scientific language in a precise framework of
syntax and higher-order logic, such that the definition is materially
adequate but no paradoxical claims follow. The standard laws of truth can
be derived, the theory is provably consistent, and it turned out to be
enormously fruitful in logic, philosophy of language, and linguistics.
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informs	 makes						more	
rational	

Tarski’s	definition:	rational	control;	
																					explicit,	linguistic,	
																					clear,	exact,	systematic	

Pre-theoretic	
concept	of	truth:	T	

More	rational	
Tarskian	concept	
of	truth:	T’	

Justification:	
• Similarity	(material	adequacy)	
• Theoretical	rationality:	norms	concerning	truth	

																																													(formal	correctness)	
• Practical	rationality:	norms	concerning	

fruitfulness,	power,	simplicity,...	
(expressiveness,	consequences,	applications)	

functionally	similar	



Rational (re-)construction vs science:

The aim of science is to describe, predict, and explain the world
by means of true informative declarative sentences.

Rational (re-)constructions also occur in science, but in science they are
auxiliary and committed to claims about the world or particular domains.

In contrast, the aim of theories of truth is to rationally reconstruct ‘true’.

Since the truth predicate is quasi-logical (a mere expressive device),
its rational reconstruction is not committed to empirical claims,
nor is it restricted to a particular domain.

(This holds for all modern theories of truth: Tarski’s, Kripke’s, Field’s,
the HYPE-based theory from before,. . .)

So how come some philosophers (e.g. Williamson 2017) regard philosophical
logic as a science “like” empirical science?

Because it is easy to mistake features of rational (re-)construction for features
of scientific theory-choice!



“Data”, “evidence”:

Rational reconstruction requires the result of reconstruction (X ′) to be
similar enough to what is reconstructed (X ) for the chosen purposes.

Science requires theories to fit the evidence.

However:

Similarity and fitting the evidence are not the same:
rational reconstruction aims to correct initial irrational verdicts, while in
science there are no “irrational data” (only badly collected data or data
that are idealized for simplification—with bad conscience).

Scientific evidence may empirically underdetermine scientific theories,
but we still think there is a fact of the matter “out there” that makes some
of these theories true.

But there is no fact of the matter “described” by rational reconstructions:
we can merely reconstruct more or less wisely. (E.g.: What should be the
fact of the matter that would make our HYPE-based theory of truth true?)
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“Method”:

Carnap (1950): “The explicatum must fulfill the requirements of similarity to the
explicandum, exactness, fruitfulness, and simplicity”.

We make the standard assumption that scientific theory choice
follows a broadly abductive methodology. Scientific theories are
compared with respect to how well they fit the evidence, of course,
but also with respect to virtues such as strength, simplicity, elegance,
and unifying power. We may speak loosely of inference to the best
explanation. . . (Williamson 2017)

So there is an overlap of methods, however:

one should distinguish between “pragmatic” abduction and IBE proper:
not every case of abductive success yields a scientific explanation of a
phenomenon. IBE proper requires inductive confirmation by
observable/measurable data! (Maddy 1997, Novick 2016.)

Science relies on IBE proper, rational reconstruction on mere abduction.
But they share the pragmatic abductive methods! (E.g., justifying HYPE!)
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“Philosophy goes science”:

At times, what starts as philosophical rational (re-)construction turns into a
scientific theory: e.g., atomism-as-framework into atomism-as-theory,
the analysis of mental concepts into psychology, Tarski/Carnap on
philosophical semantics into Montague on semantics in linguistics,. . .

Philosophy has this enabling function due to its independence of empirical
assumptions and domains. (We should cherish this creative power!)

The transition takes place when it becomes possible to apply methods from
rational (re-)construction while making claims about specific domains (e.g.
applying logical methods in linguistic models/theories of natural language).

However, when this happens, we do not speak of the resulting theory as
philosophical anymore.

(X-phi may count as philosophical, but the proposal restricts its importance
severly, e.g. to similarity checks between X and X ′; cf. Naess 1938 on truth!)

More generally, philosophical (re-)construction and science may interact
successfully, and one and the same person may do both–of course!



“Progress”:

Both science and philosophy make progress.

However:

Scientific progress leads to (some degree of) convergence because the
phenomena “out there” stabilize theory-choice.

Philosophical rational (re-)constructions have improved a lot over time
(their clarity, exactness, systematicity, their rationality features, the
methods by which they are carried out, new possibilities,. . .).
But they not aim to describe a stabilizing phenomenon “out there”!

That is why philosophical progress does not necessarily lead to
convergence (cf. Chalmers 2015).

Philosophical (re-)construction is driven by rational choices that are “free”:
not committed to what the world is like or to any universe of discourse;
the choice criteria can be weighted differently (cf. Leitgeb 2007 on truth).
Thus, rational (re-)construction is open-ended/not uniquely determined.
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Open-endedness and non-uniqueness in the case of the concept of truth:

	

Tarski’s	definition	of	truth	

Replace	definition	by	
axioms	of	truth:	
e.g.,	deflationism	

Extend	domain	of	
application	to	language	
with	truth	predicate	

Preserve	classical	logic	
but	restrict	T-scheme:	
e.g.,	Kripke	(1975)	
	

Change	logic		

Change	logical	constants:	
e.g.,	Kripke	(1975),	
Field	(2008)	

Change	structural	rules:	
e.g.,	current	work	

The HYPE-based theory of truth improves Kripke’s in yet another direction.



Conclusions

Taking philosophical logic to be a form of rational (re-)construction
amounts to a good rational reconstruction of philosophical logic.

The proposal matches the development of, e.g., formal theories of truth
since the early 20th century. (This is just one case study amongst others.)

It is easy to mistake certain features of rational (re-)construction for
features of scientific theory-choice.

The proposal explains how philosophical progress is compatible with
non-convergence. One should expect philosophical logic to be pluralistic.

(Carnap’s tolerance principle in the Logical Syntax!)

HYPE, and the theory of truth based on it, serve as examples: the theory
constitutes another improvement of our rational reconstructions of truth,
and HYPE provides its underlying formal conceptual framework.
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