
Probability, Conditionals and Causality

Most of these notes are taken from A Primer of Probability Logic from Ernest W.
Adams (1998), CSLI Lecture Notes, Number 68.

1 Logic and Probability

1.1 Introduction

What is the relation between logic and probability? Standardly, they are taken to be about
related topics involving rationality, but still different. Logic is a theory of

1. truth-preserving inference

2. consistency

3. definability and

4. proof, or deduction

while probability is taken to be a theory of

1. uncertain inference

2. learning

3. information and

4. induction

However, the ‘theories’ are closely related. First, the theory of probability presupposes
logic: the definition of probability presupposes the logical notion of entailment, and the
axioms of the probability calculus can be motivated by logical concerns of consistency.
Second, we will see that probabilistic inference, as probability preservation, and logical
inference come down to the same. More interestingly for us, we will see that probabilistic
inference extends logical inference. We will concentrate on this mostly by extending the
language with a new conditional. But we will briefly also look at how probabilistic inference
cannot only account for deductive reasoning, but also for inductive and abductive inference.

Of course, there is an important difference between standard logic and the use of prob-
abilities: standard deductive logic applies to reasoning or arguments whose premises are
perfectly certain, and whose conclusions are perfectly certain because of this. Once we
make use of probabilities, we allow for reasoning with uncertainties as well. But reason-
ing with uncertainties immediately gives rise to a problem: nonmonotoncity. Some things
you assumed, or accepted, before, although you allowed for uncertainty, you won’t accept
anymore when you learned some new information. Last night you might have been pretty
certain that it wouldn’t rain today, but looking at the sky this morning can change your
mind and make you pretty certain that it will rain. Probability logic accounts for this, and
it explains why formal logic can’t account for it; namely because it assumes that premises
are perfect certainties which will never have to be retracted in the light of new information.

Nonretraction in reasoning, which follows from formal logic’s idealizing and treating all
premises as though they were perfectly certain, is called monotonicity, which means that
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the more ’data’ or premises you acquire, the more things you can deduce from them without
giving anything up. But one of the most striking things about probability logic, which allows
for the fact that it doesn’t treat all premises as certainties, is its nonmonotonicity.

Look at the inference (1-a), symbolized by (1-b):

(1) a. Jane will either take ethics or she will take logic. She will not take ethics.
Therefore, she will take logic.

b. E ∨ L,¬E ∴ L

Obviously, ‘C’ and ‘L’ stand for the atomic sentences ‘Jane will take ethics’ and ‘Jane will
take logic’, respectively. The symbol ‘∴’ stands for ‘therefore’, to indicate that an argument
is going on. This doesn’t mean, however, that the argument is valid (thus ‘∴’ doesn’t mean
the same as ‘|=’).

In case only two atomic propositions are relevant, we speak of E ∧ L, ¬E ∧ L,E ∧ ¬L
and ¬E ∧ ¬L as ‘state descriptions’, or ‘cases’. These state descriptions can be pictured in
a Venn Diagram, with 1 = E ∧ L, 2 = E ∧ ¬L, etcetera.

Using this kind of Venn diagram, we can use the sizes of the areas as representing prob-
abilities. By changing the sizes of areas 1 till 4, one can see that, for instance, E ∧ L’s and
E ∨ L’s probabilities are not determined by the probabilities of E and L. Thus, although
classical logic is truth functional, probabilities of complex sentences are not probability func-
tional. However, the probabilities of complex sentences are functions of the probabilities of
the atomic regions they correspond to and the state descriptions that correspond to them.
For instance, if the areas 1, 2, 3, 4 have probabilities a, b, c and d, respectively (such that
a+ b+ c+d = 1), E∨L has probability a+ b+ c. (It is sometimes assumed that atomic sen-
tences all have probability 1

2 , and thus that all state descriptions have the same probability,
but this need not be the case. Notice that a propositional valuation sending atoms to 1 or
0 is a special case of a probability function.) Similarly, ¬E has probability c+ d. Let’s now
go back to the inference E ∨ L,¬E ∴ L. This inference is classically valid: if a+ b+ c = 1
and c+ d = 1, it must be the case that c = 1, from which it follows that the probability of
L is 1. What is important now, however, is that even if the premises are not supposed to
be certain, but have, for instance, a probability more than 0.5 (and thus a+ b+ c > 0.5 and
c+ d > 0.5), we can still derive something of interest about the conclusion: the conclusion,
L, must have at least a probability of more than 0 (think about this, please). Perhaps
somewhat disapointingly, we can’t conclude that also L must have a probability of greater
than 0.5. We will see later, however, that we can still derive something more interestingly
about L than just that it has a positive probability.

Although probabilities of complex sentences are in general not functions of probabilities
of their parts, sometimes this is still the case. If we represent the probability of sentence
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A by p(A), it is easy to see that p(¬E) = 1 − p(E). Also, although it is not always the
case that p(L) < p(E ∨ L) (in case b = 0), it is always true that p(L) ≤ p(E ∨ L). These
are particular cases of laws of the theory of probability, laws that can be deduced from the
axioms of probability theory.

There are various different ways to state the probability axioms. Probability can be
defined over sentences or over sets; it can be defined as conditional or unconditional. The
following axioms of unconditional probability are defined over sentences. In this definition,
probability clearly presupposes logic.

Definition 1

(A1) For any sentence S : 0 ≤ p(S) ≤ 1.

(A2) Logical truths have probability one – that is, for any logical truth L : p(L) = 1.

(A3) If S logically implies T , then p(S) ≤ p(T )

(A4) Where S and T , are mutually exclusive, the probability of S or T, p(S ∨ T ) is the sum
of their individual probabilities – that is: p(S ∨ T ) = p(S) + p(T ).

De Finetti and others have shown that this definition can also be motivated by assumptions
of rationality, or consistency, via the Dutch book theorem: if one’s probability judgements
are inconsistent with the probability axioms, someone who is engaged in bettings will be
subject to a sure loss.

Using the above axioms, it is possible to derive as theorems many of the standards truths
of probability. You have to show this yourself.

Exercise 1 Let L be the language of propositional logic. Prove that any valuation function
v on L is also a probability function of the language.

Exercise 2 prove the following

1. p(φ) ≤ p(φ ∨ ψ)

2. p(¬φ) = 1− p(φ)

3. p(φ ∧ ψ) ≥ p(φ)

4. If φ is logically false, then p(φ) = 0.

5. If φ and ψ are logically equivalent (that is, φ |= ψ and ψ |= φ), then p(φ) = p(ψ).

6. p(φ) + p(ψ) = p(φ ∧ ψ) + p(φ ∨ ψ)

7. p(φ ∨ ψ) = p(φ) + p(ψ)− p(φ ∧ ψ)

8. if φ1, · · · , φn are mutually exclusive (any two of them are logically inconsistent)
then p(φ1 ∨ · · · ∨ φn) = p(φ1) + · · ·+ p(φn).

9. p(φ ∧ ψ) ≥ p(φ) + p(ψ)− 1

Exercise 3 Prove the following:

1. For all p, if φ1, φ2 |= ψ and p(φ1) = p(φ2) = 1 then p(ψ) = 1

2. If φ1, φ2 6|= ψ, then there is a p such that p(φ1) = p(φ2) = 1 and p(ψ) = 0

The most important thing that exercise 3.1 establishes is something that we have taken
for granted all along: namely that so long as the premises of a valid inference are certainties
the conclusion must also be a certainty. However, exercise 3.2 establishes something that
may be less obvious: even if the premises are certainties the conclusion can have 0 probability
if the inference is not logically valid. This means that so called inductive reasoning on which
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we most depend in our daily lives, cannot logically guarantee any probability at all in its
conclusions.

Let us now look at some nontheorems, which can be just as important to know about
as theorems. An example of a nontheorem is that p(E ∧ L) should equal p(E) × p(L). To
prove that this is not a theorem, we give a probability counterexample to it, i.e., we describe
a probability distribution that generates probabilities for p(E), p(L), and p(E ∧ L) such
that p(E ∧ L) 6= p(E) × p(L). The probability distribution where a = 0.1, b = 0.6, c = 0.2
and d = 0.1 is a counterexample in this sense, since it generates probabilities such that
p(E) = 0.3 and p(L) = 0.7, but p(E ∧ L) = 0.1, which is not equal to 0.3× 0.7. (Of course,
the fact that p(E ∧ L) = p(E)× p(L) isn’t ’logically true’ in probability logic doesn’t prove
that it is false.) Using this method you can also prove that general propositions like the
converse of (A2), that if p(φ) = 1 then φ is logically true, are not theorems.

Exercise 4 Give counterexamples to the following:

1. If p(E) = p(L), then p(E ∧B) = p(L ∧B)

2. p(E) 6= p(¬E)

Exercise 5 1. Give an argument that for any formula φ, p(φ) = 0.5 cannot be
logically true, i.e., true for all probability functions p(·)

2. Give an argument that for any given formulas φ and ψ, p(φ∧ψ) = p(φ)× p(ψ)
can only be logically true, i.e., true for all probability functions p(·), if at least
one of φ or ψ is logically true or logically false.

1.2 Relating logic with probability

Logic studies preservation of truth. It doesn’t assume that sentences have a fixed truth
value, but it rather looks at all possible truth values sentences can have, by looking at all
valuation functions. Can one generalize this by saying that one should study ‘preservation
of probability’ by looking at all possible probability functions? It turns out that this is a
natural idea.

In exercise 3.1 you proved a simple case of a more general theorem connecting logical
entailment with probability preservation:

Theorem 1

Γ |= φ iff for all probability functions p, if p(γ) = 1 for all γ ∈ Γ, then also p(φ) = 1.

We will prove only one side: if A1, · · ·An |=cl B, then if p(A1) = 1, · · · p(An) = 1, then
p(B) = 1. We prove this by induction. First, observe by induction to n that:

if p(A1), · · · , p(An) equal 1, then p(A1 ∧ · · · ∧An) = 1 (1)

If n = 1, then the entailment in (1) holds trivially. Now suppose that the entailment holds
for n (the induction hypothesis), and suppose furthermore that p(A1), · · · , p(An+1) = 1. By
the induction hypothesis, p(A1 ∧ · · · ∧An) = 1. Now observe that:

p(A1 ∧ · · · ∧An+1) = p((A1 ∧ · · · ∧An) ∧An+1)
= p(A1 ∧ · · · ∧An) + p(An+1)− p((A1 ∧ · · · ∧An) ∨An+1)
= 1 + p(An+1)− 1 = p(An+1) = 1
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Notice that p((A1∧· · ·∧An)∨An+1) = 1 follows from the fact that p((A1∧· · ·∧An)∨An+1))
is classically entailed by (A1 ∧ · · · ∧An) and the assumption that p((A1 ∧ · · · ∧An) = 1.

Thereby it is proven that the above entailment holds for all natural numbers n. Now
note that from A1, · · · , An |=cl B, it follows that A1 ∧ · · · ∧ An |=cl B. Hence, p(B) ≥
p(A1 ∧ · · · ∧An) = 1 by assumption and entailment (1) .

Consider the valid argument with premises p ∨ q and p → q, and conclusion q (the
symbol ‘→’ denotes the truth-conditional material implication). One can easily show that
p(q) = p(p∨q)+p(p→ q)−1. In other words, if we know the probabilities of the argument’s
premises, then we can calculate the exact probability of its conclusion, and thus provide a
complete answer to the question of probability preservation for this particular argument (for
example, if p(p ∨ q) = 6

7 and p(p → q) = 5
7 , then p(q) = 4

7 ). In general, however, it will
not be possible to calculate the exact probability of the conclusion, given the probabilities
of the premises; rather, the best we can hope for is a (tight) upper and/or lower bound for
the conclusion’s probability.

Let us define A→ B, as ¬A ∨B. One can now easily prove the following rule of modus
ponens (or detachment, as it is sometimes called):

If p(A→ B) ≥ r, and p(A) ≥ p, then p(B) ≥ r + p− 1.

The proof of this makes use of the fact that p(A → B) = P (¬A ∨ B) = p(¬A) + p(B) −
p(¬A ∧ B). If we know that p(A→ B) = P (¬A ∨ B) = p(¬A) + p(B)− p(¬A ∧ B) ≥ r, it
follows immediately that p(B) ≥ r− p(¬A) + p(¬A∧B). Because p(¬A) ≥ 1− p, it follows
that certainly p(B) ≥ r − (1− p) = r + p− 1, as desired.

The general form of this little theorem does not seem very enlightening, and we may get
a better feeling for it if we take the special but important case that we want to claim both
premises are known with near certainty, in particular, with probability equal to or greater
than 1− ε. We then have:

if p(A→ B) ≥ 1− ε and p(A) ≥ 1− ε, then p(B) ≥ 1− 2ε.

Notice that in this case, the uncertainty of the conclusion, i.e., 1 − p(B), is closely related
to the sum of the uncertainties of the premisses. As it turns out, this is in general the case.

Consideration of probabilistic rules of inference is not restricted to detachment. What is
of interest is that classical sentential rules of inference naturally fall into two classes, those
for which the probability of the conclusion is less than that of the individual premises, and
those for which this degradation in degree of certainty does not occur. Modus ponens, modus
tollens, the hypothetical syllogism (all with the conditional as material implication), and the
rule of adjunction (conjunction introduction), all lead to a lower bound of 1 − 2ε for the
probability of the conclusion given that each of the two premises is assigned a probability
of at least 1 − ε. The rules that use only one premise, e.g., the rule of addition (from A
infer A ∨ B), the rule of simplification, the commutative laws and De Morgans laws assign
a lower probability bound of 1− ε to the conclusion given that the premise has probability
of at least 1− ε.

Notice that if A logically implies B, A `cl B, from which it follows that for any p
p(A) ≤ P (B). From this we can conclude that if A entails B and p(A) ≥ 1 − ε, then
p(B) ≥ 1− ε. Importantly, this is only a special case of the following Theorem (not proved
here) involving any finite set of premises.
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Theorem 2 If each of the premises A1, · · · , An has probability of at least 1 − ε and these
premises logically imply B then p(B) ≥ 1 − nε. Moreover, in general the lower bound of
1− nε cannot be improved on, i.e. p equality holds in some cases whenever 1− nε ≥ 0. 1)

It is easy to prove the following proposition:

Theorem 3 A1, · · · , An |=cl B iff
∑n
i=1[1− v(Ai)] ≥ 1− v(B) for all valuations v.

Proof: The proof starts with the ‘Only if’ direction and then proceeds to the ‘If’ direction
of the proposition. The latter is proven via contraposition.

(⇒) Suppose A1, · · · , An |=cl B. If a valuation function v satisfies A1, · · · , An. Then
it satisfies B. In other words, 1 − v(Ai) = 0 for 1 ≤ i ≤ n, and 1 − v(B) = 0. If on
the other hand v does not satisfy A1, · · · , An, then there is some i such that v(Ai) = 0.
Hence,

∑n
i=1 = [1 − v(Ai)] ≥ 1 ≥ 1 − v(B). Either way, if A1, · · · , An |=cl B, then∑n

i=1[1− v(Ai)] ≥ 1− v(B) for all valuations v holds.
(⇐) Now suppose A1, · · · , An 6|=cl B. Then there is some v such that v(Ai) = 1 for all i, while
v(B) = 0. But then,

∑n
i=1[1− v(Ai)] = 0, while 1− v(B) = 1. Hence, if A1, · · · , An 6|=cl B,

then there is a valuation function v such that
∑n
i=1[1− v(Ai)] 6≥ 1− v(B).

In these notes we make use of uncertainty given probabilty function p:

Definition 2 The uncertainty of φ w.r.t. p, Up(φ), is 1− p(φ).

From this definition it immediately follows that (i) any tautology has uncertainty 0, (ii) any
contradiction uncertainty 1. Other things are more interesting, and called ‘theorems:

Theorem 4 if φ |= ψ, then Up(ψ) ≤ Up(φ) for any p.

proof: Suppose φ |= ψ. It follows by (A2) that p(φ) ≤ p(ψ). Thus, 1− p(φ) ≥ 1− p(ψ).
But this means that Up(φ) ≥ Up(ψ).

Theorem 5 φ 6|= ψ then ∃p : Up(φ) = 0 and Up(ψ) = 1.

proof: immediate

Theorem 6 For any p : Up(φ1 ∧ · · · ∧ φn) ≤ Up(φ1) + · · ·+Up(φn) (you should use mathe-
matical induction for this)

Exercise 6 Prove

1. for any p : Up(φ ∧ ψ) ≤ Up(φ) + Up(ψ)

2. If φ1, · · · , φn are logically inconsistent then Up(φ1) + · · ·+ Up(φn) ≥ 1 for any p.

3. Give an informal argument to prove that if φ1 · · · , φn are logically consistent and logi-
cally independent in the sense that no one of them is implied by the others, then for all
nonnegative numbers u1, · · · , un whose sum is no greater than 1 there is a probability
function p such that Up(φ1) = u1 · · ·Up(φn) = un and Up(φ1∧· · ·∧φn) = u1 + · · ·+un.

Making use of what is established above, we can now prove the following

1It is worth noting that in interesting special cases the lower bound of 1−nε can be very much improved.
For example, if the premises A1 ∧ · · · ∧An are statistically independent, then the bound is at least (1− ε)n.
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Theorem 7 Uncertainty Theorem: If Γ |= φ, then for all p : Up(φ) ≤
∑
γ∈Γ Up(γ)

Proof: Suppose Γ = γ1, · · · γn. Then γ1 ∧ · · · ∧ γn |= φ. From Theorem 4 it follows that
Up(γ1 ∧ · · · ∧ γn) ≥ Up(φ). Theorem 6 tells us that Up(γ1 ∧ · · · ∧ γn) ≤ Up(γ1) + · · ·Up(γn).
The Theorem follows from this combination.

Notice also that the upper bound on the uncertainty of the conclusion depends on the
number of premises. If a valid argument has a small number of premises, each of which only
has a small uncertainty (i.e., a high certainty), then its conclusion will also have a reasonably
small uncertainty (i.e., a reasonably high certainty). Conversely, if a valid argument has
premises with small uncertainties, then its conclusion can only be highly uncertain if the
argument has a large number of premises.

Given the above, we could define a new notion of probabilistic entailment, p-entailment,
as follows

Definition 3 (Probabilistic Entailment, 1)

Γ |=p1 φ iffdef for all p : Up(φ) ≤
∑
γ∈Γ Up(γ).

This definition of probabilistic validity has an alternative, equivalent characterization
in terms of probabilities rather than uncertainties. This characterization says that the
argument from Γ to φ is probabilistically valid if and only if the conclusion’s probability can
get arbitrarily close to 1 if the premises’ probabilities are sufficiently high. Formally:

Definition 4 (Probabilistic Entailment, 2)
ψ1, · · · , ψn |=p2 φ if and only if for all ε > 0 there exists a δ > 0 such that for all probability
functions p: if p(φi) > 1− δ for all i ≤ n, then p(φ) > 1− ε. (where δ = ε

n)

Theorem 8 Equivalence Theorem 1: Γ |=cl φ and Γ |=p1 φ and Γ |=p2 φ coincide.

To prove this theorem, we go in a cirlce. We first prove |=cl ⇒ |=p1. Then we prove
|=p1 ⇒ |=p2, followed by a proof from |=p2 to |=cl. If all these relations hold, the three
notions of entailment must coincide.

• For |=cl ⇒ |=p1, suppose Γ 6|=p1 φ, so there is a p, such that 1 − p(φ) >
∑
γ∈Γ p(¬γ).

From this it follows that 1 >
∑
γ∈Γ p(¬γ)+p(φ). Thus (because p(a→ b) = p(¬a∨b) =

p(¬a)+p(b)−p(¬a∧ b)), 1 >
∑
γ∈Γ p(¬γ)+p(φ) ≥ p(γ1∧· · ·∧γn → φ) for any subset

{γ1, · · · , γn} ⊆ Γ. Since all tautologies must have probability 1, no such implication
γ1 ∧ · · · ∧ γn → φ is a tautology.

• For |=p1 ⇒ |=p2, suppose Γ |=p1 φ and ε > 0. If Γ is finite, choose δ = ε
|Γ| . Then we

have p(¬φ) ≤
∑
γ∈Γ p(¬γ) <

∑
γ δ = ε. Hence p(¬φ) < ε, and Γ |=p2 φ. (We won’t be

bothered here with the case where Γ is infinite)

• For |=p2 to |=cl, suppose Γ 6|=cl φ. For any ε > 0 we can simply take a valuation wit-
nessing Γ 6|=cl φ, which is itself a probability function p making p(φ) = 0 and p(γ) = 1,
for all γ ∈ Γ. Hence Γ 6|=p2 φ.2

2Notice that essentially the same proof works to show |=p1 to |=cl.
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Notice that these new characterizations of entailment in terms of probabilities has facts 1
and 2 as special cases. We only show this for the more interesting case: if p(γ) = 1 for all
γ ∈ Γ, then Up(γ) = 0 for all γ ∈ Γ, so Up(φ) ≤

∑
γ∈Γ Up(γ) = 0 and thus p(φ) = 1.

Of course, these new notions of entailment don’t add anything to the notion of normal
entailment.We will see in a moment, however, that it will give rise to an interesting notion
after all if we allow for sentences interpreted as conditional probabilities.

2 Conditional Probabilities and Conditionalization

2.1 Introduction

Consider the probability of being dealt an ace on the second card, when the cards are dealt
from a standard, shuffled pack of 52 cards. Assuming that there are 4 aces in the pack, the
chance drawing an ace on the second card should be 4/52 = 1/13. But what if we already
know that the first card will be an ace? In these circumstances we would probably say that
the chance of drawing an ace on the second card was 3/51 = 1/17, because this card is
1 of the 51 remaining cards, 3 of which are aces. Thus, the chance of drawing an ace on
the second card depends on what is known at the time it is drawn, and when this ’state of
knowledge’ changes the chances change. Conditional probabilities make this explicit. The
fact that conditional probabilities make explicit the changes in probabilities that result from
acquiring knowledge makes them especially relevant to logic, and to the theory of knowledge
in general, because these subjects are concerned with the acquisition and modification of
knowledge by experience and reason. Moreover, there is a law of probability change that
is particularly relevant in this connection, roughly as follows: New experience becomes a
part of the state of knowledge that determines probabilities. This is sometimes called Bayes’
principle,3

We will begin with a discussion of the formal concept of conditional probability and cer-
tain of its properties, before proceeding to consider the full implications of Bayes’ principle.

2.2 The Formalism of Conditional Probability

Let A and B symbolize ”The first card will be an ace” and ”The second card will be an
ace”, respectively. Then the probability of B, given A, will be written as p(B given A), or
more concisely p(B|A), where ”|” stands for ”given.” Thus, we assumed above that while
p(B) = 4/52, p(B|A) = 3/51. Moreover it follows from Bayes’ Principle that p(B|A) =
p(B ∧A)/p(A). But this requires comment.

Although p(B|A) is often defined formally as the ratio p(B∧A)
p(A) , in practical applications

p(B ∧ A) would be more likely to be calculated by multiplying p(B|A) and p(A). That
is because, while it is obvious intuitively that the chance of getting an ace on the second
card given that the first card is an ace is 3 in 51, the chance of getting aces on the first
two cards is much less obvious, and the simplest way to calculate it is to multiply p(B|A),

which is already known, by p(A). In other words, while p(B|A) = p(B∧A)
p(A) can be regarded

as a definition from the formal point of view, in fact p(B ∧ A) may have to be determined
from p(B|A) and not the other way round. For our purposes it is better to think of the
equation simply as a rule that allows any one of the three probabilities that it involves to
be calculated from the other two.

3Named for Reverend Thomas Bayes (1763) whose posthumously published paper ”An Essay Towards
Solving a Problem in the Doctrine of Chances” (cf. Bayes, 1940) pioneered the ideas from which the present
theory derives.
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Generalizing, the conditional probability of any proposition, φ, given the knowledge that
ψ, will be written as p(φ|ψ), which is assumed to satisfy the equation

p(φ|ψ) =
p(φ ∧ ψ)

p(ψ)
, if p(ψ) > 0 and

= 1, if p(ψ) = 0.

For instance, the probability of C, that an ace will be drawn on the third card, given the
knowledge that both the first and second cards are aces, A and B, will be written p(C|A∧B),
and this is assumed to equal p(C ∧ A ∧ B)/p(A ∧ B). How the unconditional probabilities
p(C ∧A∧B) and p(A∧B) can themselves be calculated will be returned to in the following
section.

Conditional probabilities can also be pictured in Venn diagrams, as ratios of areas. For
instance, the conditional probability of Jane’s taking logic, given that she takes ethics,
corresponds to the proportion of the ’ethics circle’, E, that lies inside the logic circle, L:

The proportion of E that lies inside L in this diagram is quite small, hence we have
represented the probability that Jane will take logic, given that she takes ethics, as being
quite small.4

There is one more thing to note about the above diagram. If you fix attention on the
interior of circle E, you see that conditional probabilities given E satisfy the same laws
as unconditional probabilities. Thus, p(¬L|E) = 1 − p(L|E) and more generally, if we
define the function PE(φ) as p(φ|E) for any proposition φ, then PE satisfies the Kolmogorov
axioms. But there is another law of conditional probability that is particularly important
in applications.

2.3 The Chain Rule: Probabilistic Dependence and Independence

Recall that we said that Bayes’ principle, that p(φ|ψ) = p(φ ∧ ψ)/p(ψ), can be used to
calculate any one of the quantities it involves from the other two, and in the case of the
cards it is very natural to calculate the probability of getting two aces, p(A ∧ B), as the
product p(A)× p(B|A). This rule generalizes as follows:

Theorem 9 (The chain rule). If p(φ1 ∧ · · · ∧ φn−1) > 0 then
p(φ1 ∧ · · · ∧ φn) = p(φ1)× p(φ2|φ1)× · · · × p(φn|φ1 ∧ · · · ∧ φn−1)

4This diagram might suggest that the probability of Jane’s tasking logic, given that she takes ethics, could
be regarded as the proportion of ’cases’ of Jane’s taking ethics in which she also takes logic. This would
be wrong, however, since Jane can only take these classes once. But there are close connections between
conditional probabilities and frequencies of ’cases’, some of which are pointed out later.
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In words: This rule says that the probability of a conjunction of arbitrarily many formulas
is the probability of the first conjunct, times the probability of the second conjunct given
the first, times the probability of the third conjunct given the first and second, and so on
up to the probability of the last conjunct given all of the previous ones.

Exercise 7 Prove the chain rule by induction for the case in which n = 3

To see the usefulness of the chain rule, consider the problem of determining the chances
of drawing four aces in a row from a shufled deck. If A,B,C, and D are the events of
drawing an ace on the first card, on the second card, on the third card, and on the fourth
card, respectively, then the probability of getting aces on all four cards is p(A∧B ∧C ∧D),
and according to the chain rule this is:

p(A ∧B ∧ C ∧D) = p(A)× p(B|A)× p(C|A ∧B)× p(D|A ∧B ∧ C).

Since there are 4 aces out of 52 to draw the first card from, 3 aces out of the 51 cards
left if an ace has already been drawn, 2 out of the 50 cards left if two aces have already been
drawn, and one ace out of the remaining 49 cards, it is clear that p(A) = 4/52, p(B|A) =
3/51, p(C|A ∧ B) = 2/50, and p(D|A ∧ B ∧ C) = 1/49, and therefore p(A ∧ B ∧ C ∧D) =
(4/52)×(3/51)×(2/50)×(1/49) = 24

6.497.400 = 1/270.725; i.e., there is one chance in 270.725
of drawing 4 aces in a row from a shufled deck of 52 cards.

The chain rule can also be used in combination with other rules to calculate more complex
probabilities. For instance, suppose that you want to calculate the probability of getting
exactly one ace in the first two cards. This is the disjunction of two conjunctions: namely
A∧¬B, getting an ace on the first card but not on the second, and ¬A∧B, not getting an
ace on the first card, but getting one on the second, and its probability is the sum of the
probabilities of A∧¬B and ¬A∧B. The chain rule implies that p(A∧¬B) = p(A)×p(¬B|A),
and we already know that p(A) = 4/52 = 1/13. Since there are 48 cards left that are not
aces after one ace has been drawn, p(¬B|A) must equal 48/51, and therefore p(A ∧ ¬B) =
(4/52)×(48/51) = 16/221. The same reasoning shows that p(¬A∧B) = p(¬A)×p(B|¬A) =
(48/52)× (4/51) = 16/221, and therefore p((A∧¬B)∨ (¬A∧B)) = (16/221) + (16/221) =
32/221 ≈ 0.145.

Notice that given the chain rule, we can rephrase the calculation of p(φ|ψ) as follows:

p(φ|ψ) =
p(φ|ψ)× p(ψ)

p(ψ)
, if p(ψ) > 0 and

= 1, if p(ψ) = 0.

This is also the way Bayes’ rule is normally stated for the analysis of Bayesian learning.
We conclude this section by turning briefly to the subject of probabilistic independence.

Normally, propositions φ and ψ are defined to be independent in this sense if the probability
of their conjunction equals the product of their probabilities, i.e., if p(φ∧ψ) = p(φ)× p(ψ).
However, an equivalent definition is that φ and ψ are independent if p(φ|ψ) = p(φ), or,
equivalently, if p(ψ|φ) = p(ψ).5 In other words, φ and ψ are independent if the conditional
probability of either given the other is equal to its unconditional probability. This generalizes
to probabilistic dependence, defined as follows.

Definition 5 φ and ψ are positively dependent if p(φ ∧ ψ) > p(φ) × p(ψ) and negatively
dependent if p(φ ∧ ψ) < p(φ) × p(ψ). Again, these concepts can be defined in terms of
conditional probabilities straightforwardly.

5at least if p(φ) > 0 and p(ψ) > 0.
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Negative dependence is illustrated by sampling without replacement such as occurs when
cards are drawn or ’sampled’ from a deck one after another, without being replaced between
drawings. If A and B are the events of getting aces on the first and second cards, respectively,
the unconditional probability of B is p(B) = 4/52 = 1/13, while its conditional probability
given A is p(B|A) = 3/51 = 1/17, which is less than p(B). Therefore A and B are negatively
dependent, and the more aces are sampled without being replaced, the less likely it is that
succeeding cards will be aces. On the other hand, getting a king on the second card,
K, is positively dependent on getting an ace on the first card, since P (K) = 4/52, while
p(K|A) = 4/51, which is greater than p(K).

Instead of saying that getting an ace on the second card is negatively dependent on
getting an ace on the first one, we may say that the first is negatively relevant to the second,
in the sense that learning the first reduces the probability of the second.

Exercise 8 1. Give an informal argument that if A is positively relevant to B then it is
negatively relevant to ¬B.

2. Give an informal argument that if A is positively relevant to B then ¬A is also posi-
tively relevant to ¬B.

2.4 Ersatz Formulas and Truth Values

It is possible to calculate conditional probabilities directly from probability distributions,
and tables representing these distributions have some interesting properties. The following
table gives two examples:

cases p E L ¬E E ∨ L E ∧ L L|E L|¬E L|(E ∨ L)
3 0.1 T T F T T T · · · T
2 0.4 T F F T F F · · · F
4 0.4 F T T T F · · · T T
1 0.1 F F T F F · · · F · · ·

p 0.5 0.5 0.5 0.9 0.1 0.2 0.8 0.555

(the ’cases’ or state descriptions are numbered on the left above to correspond to the regions
in the above diagram).

The probabilities of ordinary formulas are computed as the sums of the probabilities of
the cases or cases in which they are true. This is extended to give a rule for computing
the probability of a formula φ, given a condition ψ, as follows: p(φ|ψ) is the sum of the
probabilities of the cases in which φ and ψ are both true, divided by the sum of the proba-
bilities of the cases in which ψ is true, and if there are no such cases then p(φ|ψ) is set equal
to 1. For instance, in the ’arbitrary’ distribution in the third column of the above table,
p(L|E) = 0.1

0.5 = 0.2, because L and E are both true in case 3, whose probability is 0.1, while
E is true in cases 2 and 3, whose total probability is 0.1 + 0.4 = 0.5.

The extended rule can be restated in terms of the ersatz truth-values such as are written
in the top two rows in the column headed L|E, on the left in the ’conditional’ part of the
table. These are in the rows in which the ’given’, E, is true, and assuming this, an ersatz
T is entered italicized into a row when L is true and F is written in when L is false, and
when E is false (bottom two rows), nothing is written into the L|E column. Then p(L|E) is
equal to the sum of the probabilities of the cases in which L|E has the value T, divided by
the sum of the probabilities in which it has a value-either T or F. More generally, for any
φ and ψ we can say: φ|ψ has a value when ψ is true, and it has the value T when φ is also
true and the value F when φ is false; p(φ|ψ) is the sum of the probabilities of the cases in
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which φ|ψ has the value T divided by the sum of the probabilities of the cases in which it
has a value.

There are two things to note about the ersatz formulas and truth values written into the
above table. The first is that the fact L|E doesn’t have a truth-value, even ersatz, when E is
false shows that it isn’t a formula in an ordinary sense. It is an expression that symbolizes
”L given E”, but this does not ’stand by itself’, since it only forms part of larger statements
like ”the probability of L given E is 0.2.” The second thing is that T and F are truth-values
in name only, and there is no suggestion that this kind of ’truth’ is something that should
be aimed at in reasoning, or that it is better than falsehood. So far the only function of T
and F is to simplify the calculation of conditional probabilities.

3 Probability Conditionals: Basics

3.1 Introduction

Recall expressions like L|E at the heads of the ’conditionals’ columns of the table above,
the non-quantitative part of which is reproduced below, with a new symbolism added un-
derneath the ersatz formulas:

regions L|E L|¬E L|(E ∨ L)
‘cases’ E L ¬E E ∨ L E ∧ L E ⇒ L ¬E ⇒ L (E ∨ L)⇒ L

3 T T F T T T · · · T
2 T F F T F F · · · F
4 F T T T F · · · T T
1 F F T F F · · · F · · ·

There were two reasons why an expression like a L|¬E above was regarded as being
’ersatz’: (1) although it forms a part of formulas like ’p(L|¬E) = 0.4

0.5 ’, it doesn’t symbolize
or ’stand for’ anything by itself, and (2) it doesn’t have truth-values in all cases, and even
when it does these values are ersatz. In spite of these reasons, however, we are now going to
give these expressions a meaning, by using them to symbolize ordinary language conditional
statements like ”If Jane doesn’t take ethics then she will take logic”. We will also introduce
a new symbolism, ¬E ⇒ L, which is more like the symbolism of standard logic, to express
this concept formally. But this symbolization, which is written underneath the earlier sym-
bolization, isn’t only an alternative to it, since we will see that it leads to conclusions about
the reasoning it is used to symbolize that differ radically from the conclusions that follow
when the reasoning is symbolized in the standard way, in terms of the material implication,
¬E → L. This section will bring out certain fundamental differences, and we will works out
their consequences.

The most basic difference between ¬E ⇒ L and the standard symbolization, ¬E → L,
has to do with probabilities. If we use ¬E ⇒ L as a substitute for L|¬E this means that
we are assuming that ¬E ⇒ L and ¬L|E have equal probabilities, and, since ¬E ⇒ L
symbolizes ”If Jane doesn’t take ethics then she will take logic”, it follows that we are
assuming that the probability of the conditional statement should equal p(L|¬E). That is,
we are hypothesizing that the probabilities of conditional statements like ”If Jane does take
ethics then she will take logic” are conditional probabilities. This is the probability conditional
theory,6 which goes with the symbolism ¬E ⇒ L, and it will be fundamental to what follows
in the next sections. However, it should be said that this theory has consequences that differ

6This theory was advanced independently and almost simultaneously by Richard Jeffrey (1964), Brian
Ellis (1973), and Adams (1964).
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radically from those of standard logic. The following comments may help to bring out the
contrast between this and classical logic’s theory of the conditional, as well as part of the
reason why the probability conditional theory is controversial.

The two theories yield very different results when they are applied to certain conditional
statements, and it can seem intuitively that the probability conditional theory is more ’right’
than the material implication theory is in these cases. One case is the statement ”If the first
card is an ace then the second one will be too”, made about cards that are about to be dealt
from a shuffled pack of 52 cards. If this is symbolized as a material implication, A → B,
which is true in all cases except that in which A is true and B is false, its probability can
be calculated as:

p(A→ B) = p(¬(A ∧ ¬B))

= 1− p(A ∧ ¬B)

= 1− p(A)× p(¬B|A)

= 1− p(A)× (1− p(B|A))

= 1− (1/13)× (1− 3/51)

= 205/221 ≈ 0.928

On the other hand, according to the probability conditional theory, the probability of
”If the first card is an ace, then the second one will be too” should be

p(A⇒ B) = p(B|A) = 3/51 ≈ 0.059.

This is very different from the 0.928 probability calculated according to the material
implication theory, and the value of 3/51 seems closer to our naive intuition that the proba-
bility of ”If the first card is an ace then the second card will be too” ought to be 3 in 51. Of
course, this does not settle the question of which theory is ’really right’, which is a matter
of considerable debate at this time, and we will return to this later, where we will see that
adopting it leads to quite deep philosophical issues. However, here we are concerned with
the implications of the probability conditional theory, and we will end this section by noting
another important difference between it and the material implication theory.

We are used to ’embedding’ material implications like A → B in larger formulas like
¬(A→ B), but if we did this with probability conditionals and wrote, for instance, ¬(A⇒
B), this would seem to imply that its probability equalled p(¬(A⇒ B)). However, assuming
that A⇒ B is merely an another way of symbolizing B|A, it would follow that p(¬(A⇒ B))
should equal p(¬(B|A)). But so far p(¬(B|A)) has not been defined, hence it is formally
meaningless. Therefore, while it might seem natural to use ¬(A⇒ B) to symbolize ”It is not
the case that if the first card is an ace, then the second card will be also be an ace”, either we
must define its probability or we must allow our formal language to contain a formula that not
only doesn’t have a truth value but doen’t have a probability. The fact that the probability
conditional theory leads to this problem is one of the most important objections that many
logicians have against it. We will sidestep the problem here by restricting ourselves to
formulas like A ⇒ B, in which ⇒ occurs only as the main connective, when it occurs at
all. The next section is concerned with what many regard as the main advantage of the
probability conditional theory, which is the way it resolves certain ’paradoxes’ of material
implications.

3.2 The Paradoxes of Material Implication

When the inferences
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(2) The first card will not be an ace. Therefore, if the first card is an ace, then the second
card will be an ace.

and

(3) The first card will not be an ace. Therefore, if the first is an ace, then it will not be
an ace.

are symbolized using material implications, as ¬A ∴ A → B and ¬A ∴ A → ¬A, their
validity is easily established by truth-tables. Thus, if ¬A is true then neither A → B nor
A→ ¬A can be false, since the truth of ¬A implies the truth of both A→ B and A→ ¬A.
But this is paradoxical because these inferences seem absurd to most persons who haven’t
had a course in formal logic. Similarly, it is paradoxical that according to classical logic the
statements ”If the first card is an ace then the second card will be an ace” and ”If the first
card is an ace then the second card will not be an ace” are logically consistent, since they
seem intuitively to be inconsistent, and the single statement ”If the first card is an ace then
it will not be an ace” is classically consistent although it seems self-contradictory. Thus,
when it is applied to conditional statements, classical logic has paradoxical consequences
both of logical consequence and of logical consistency.

We will now see how the probability conditional theory can avoid these paradoxes, not
by showing that the inferences are invalid in the sense that their premises can be true
while their conclusions are false, or by showing that the intuitively contradictory statements
cannot both be true, but rather by showing that the premises of the inferences can be highly
probable while their conclusions are highly improbable, and by showing that the intuitively
contradictory statements cannot both be probable.

First consider the two paradoxical inferences, which can be formalized in terms of proba-
bility conditionals as ¬A ∴ A⇒ B and ¬A ∴ A⇒ ¬A. Assuming the standard probabilities
for cards drawn from a shuffled pack, we have:

p(¬A) = 12/13 ≈ 0.923,

p(A⇒ B) = p(B|A) = 3/51 ≈ 0.059, and

p(A⇒ ¬A) = p(¬A|A) = 0.

The common premise of the inferences has the high probability of 0.923, but the first in-
ference’s conclusion only has probability 0.059 and the second inference’s conclusion has
probability 0. Each inference has a highly probable premise and a highly improbable con-
clusion, which would make it seem irrational for persons to reason in this way, at least if
they hope to reach probable conclusions thereby.7,8

Similar considerations apply to the paradoxes of consistency. The statements ”If the
first card is an ace then the second card will be an ace” and ”If the first card is an ace then

7Since the inferences would be logically valid if the conditionals involved were material conditionals, it
follows from the uncertainty sum theorem that their conclusions’ probabilities must be at least as high as
the probability of their common premise. Since the latter is 0.923, the conclusions’ probabilities must be
at least that high. In fact, we have seen that p(A → B) = 0.928, and the same reasoning shows that
p(A→ ¬B) = 0.923.

8Many people find it natural to think that A ⇒ (B ⇒ C) is equivalent to (A ∧ B) ⇒ C. This principle
is known as the import-export principle. However, one can easily see that if one accepts this, one has to
give up on modus ponens. The argument goes as follows: (i) everybody would agree that |= (A ∧ B)⇒ A.
By assuming import-export, it follows that thus also |= A ⇒ (B ⇒ A). If Modus Ponens is a valid rule, it
follows that A,A⇒ (B ⇒ A) |= B ⇒ A. But if due to import-export |= (A ∧ B)⇒ A, it follows that thus
A |= B ⇒ A. But this was exactly what one doesn’t want.
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the second card will not be an ace” are consistent when they are symbolized as material
implications, A → B and A → ¬B, but when they are symbolized as the probability
conditionals A⇒ B and A⇒ ¬B their probabilities are 1/13 and 12/13, respectively. They
are not both probable in this case, and it is hard to see how they could be in any case.
Similarly, when ”If the first card is an ace then it will not be an ace” is symbolized as
A⇒ ¬A, it has 0 probability, and therefore it would be totally absurd to maintain it.

The following sections will explore other implications of the probability conditional the-
ory, but we will conclude this one by contrasting the way in which this theory resolves
the paradoxes with the way that standard logic approaches problems of inferential validity
and contradiction. As said above, the probability conditional theory explains the ’fallacy’
involved in the inferences not by showing that they can lead from true premises to false con-
clusions, but rather that they can lead from probable premises to improbable conclusions.
And, the ’conflict’ between ”If the first card is an ace then the second card will be an ace”
and ”If the first card is an ace then the second card will not be an ace” is explained not by
showing that they cannot both be true, but rather that they cannot both be probable. This
is simple enough: the contrast is between the concepts of truth and falsehood on the one
hand, and those of probability and improbability on the other.

However, another contrast is that standard logic’s use of the ’all or none’ concepts of
truth and falsehood is perfectly precise, while our theory’s use of the ideas of probability
and improbability is imprecise, and therefore its ’resolution’ of the paradoxes is vague. A
precise definition of probabilistic validity will be given in a later section, but as it is more
complicated than standard logic’s concept of validity we will defer it and work for the present
with the rough, intuitive ideas of probability and improbability that we have used to this
point.

3.3 Intuitive Analysis of Other Inference Patterns

We will start by illustrating the general method that will be used to analyze inferences
and inference patterns involving conditionals probabilistically, by applying the method to
another kind of inference that is often regarded as paradoxical. These are ones of the form
”B; therefore, if A then B”, symbolized as B ∴ A⇒ B.

The first step is by any means to construct a diagrammatic counterexample to the infer-
ence, in which its premise is represented as being probable while its conclusion is improbable.
Here is a possibility:

This is a diagrammatic counterexample to the pattern B ∴ A⇒ B because the premise,
B, is shown as probable – the region corresponding to B fills most of the diagram – while
the conclusion, A⇒ B, is shown as improbable. That is because its probability is assumed
to equal the probability of B given A, and that is low because only a small part of the region
corresponding to A lies in the one corresponding to B.
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The next step is to ’confirm’ the diagram numerically, by constructing a probability dis-
tribution over the cases involved, corresponding to regions 1-4, that generates probabilities
for B and A⇒ B of a kind that the diagram would roughly represent. Here is a possibility
of that kind:

regions p A B A⇒ B
1 0.01 T T T
2 0.09 T F F
3 0.89 F T · · ·
4 0.01 F F · · ·

p 0.1 0.9 0.1

Note that the conditional probability formula A ⇒ B is entered at the top of the right
hand column in the above table, but not the ersatz formula B|A, as in the previous ta-
ble. However, ersatz truth values are still written in the lines in which the conditional’s
antecedent, A, is true, and the probability of the whole conditional is the ratio of the prob-
ability of the lines in which it has the ersatz value T to the sum of the probabilities of the
lines in which it has either the value T or the value F . And, following this rule B gets the
high probability of 0.9 while A ⇒ B gets the low probability of 0.1, which ’confirms’ the
diagram by making B probable and A⇒ B improbable.

The last step in the analysis is to try to find ’real life counterexamples’ involving state-
ments of the forms B and A ⇒ B, whose probabilities approximate those given in the
diagram and table. Like constructing the diagram, this is a matter of ingenuity, but exam-
ining the diagram offers some clues as to what A and B might be. The diagram represents A
as improbable and B as probable, but not ’perfectly probable’ since there is a region outside
of it that is largely occupied by A. So B is quite likely, except in the unlikely event of A’s
being the case. Trying to think of an A and a B satisfying these conditions, we can begin
with B. Something that would be quite likely but not certain might be ”The class will meet
tomorrow”, said on Monday of a class that normally meets on Tuesdays and Thursdays. Of
course that wouldn’t be a certainty, and to find A, we try to think of something that would
exclude the class’s meeting on Tuesday, or at least make it improbable. The professor might
fall sick, for instance. So we try symbolizing: B = ”The class will meet tomorrow” and A
= ”The professor will fall sick”, which would make A⇒ B symbolize ”If the professor falls
sick the class will meet tomorrow.” And, finally, we ask whether it would be ’reasonable’
to infer this from ”The class will meet tomorrow.” If the inference seems unreasonable, we
have ’real life confirmation’ of the diagram and table, in the sense that we know that these
correspond to something in ordinary life, and they are not just mathematical possibilities.
In fact, we have just explained the intuitive paradoxicalness of the pattern B ∴ A ⇒ B by
describing a case in which it would not be reasonable to reason in accord with it in real life.

Now that we know that certain inferences – the paradoxical ones – can lead from probable
premises to improbable conclusions, even though they are valid in classical logic, we want to
consider whether other classically valid inferences might also have probabilistic counterex-
amples and be questionable in real life for this reason. We will now examine eight such
inferences, and find some rather surprising results.

Inference 1 A → B ∴ A⇒ B

Inference 2 A ∨B ∴ ¬A⇒ B

Inference 3 A⇒ B ∴ ¬B ⇒ ¬A
Inference 4 A⇒ B ∴ A→ B
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Inference 5 A,A⇒ B ∴ B

Inference 6 B ⇒ C ∴ (A ∧B)⇒ C

Inference 7 A⇒ B,B ⇒ C ∴ A⇒ C

Inference 8 A⇒ B, (A ∧B)⇒ C ∴ A⇒ C

Note that four of these are of familiar forms, namely inferences 2, 3, 5 and 7. Inference 2
has a disjunctive premise and a conditional conclusion, and reasoning of this kind is very
common in everyday life. Inference 3 is contraposition, which is less common than inferences
of the form of inference 2, though it is important enough to have its own name. Inference 5
is modus ponens, which will be seen to have a special justification that doesn’t apply to other
inference patterns. And, inference 7 is the so called hypothetical syllogism, or transitivity,
which is almost always involved in long chains of argument. Now we will use the method
illustrated above to examine these inferences, to see whether it is possible to picture their
premises as probable while their conclusions are improbable, i.e., we will try to construct
diagrammatic and real life counterexamples to them.

Inference 1 looks trivial because its premise and conclusion are alternative symbolizations
of the same thing, namely an ordinary language proposition of the form ”If A then B”.
But even so, A → B and A ⇒ B are different, and we have already given a diagram as
counterexample. Thus, A → B corresponds to the union of regions 1, 3, and 4, as we saw
earlier, which nearly fills the diagram, while A ⇒ B corresponds to a pair of regions, one
corresponding to A and the other to B, and its probability is the proportion of the first that
lies in the second, which is obviously not very large. The probabilities given in the following
table substantiate this by showing that A → B can have probability p(A → B) = 0.91,
while A ⇒ B has probability p(B|A) = 0.10. Thus, inference 1 is not only not trivial, it
is not even plausible, which is one more illustration of the difference between the material
implication and the probability conditional. We will see that the same thing is true of other
inferences on our list, which would be valid if the probability conditional were the same as
the material implication. This is the case with inferences 2 and 3, but analyzing them brings
out something more.

The diagram below is a counterexample to both inferences:9

(Note that the outline of region A is heavier than the outline of region B, in order to
make it easier to follow).

The above diagram pictures A ∨ B as probable, since the union of regions A and B
fills most of the diagram, while ¬A⇒ B is improbable because almost everything that lies
outside of region A lies outside region B. Thus, we have a diagrammatic counterexample

9Actually, from the probabilistic point of view inference 2 is only a variant of inference 1, and a dia-
grammatic counterexample of the latter can be turned into one of the former simply by replacing A by
¬A.
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to inference 2. Similarly, the diagram is a counterexample to inference 3 because it pictures
A ⇒ B as probable, since most of what is inside A is inside B too, but ¬B ⇒ ¬A is not
probable since it is not the case that most of what lies outside of B also lies outside of A.

The following table10 confirms the diagram:

regions p A B A ∨B ¬A⇒ B A⇒ B ¬B ⇒ ¬A
1 0.900 T T T · · · T · · ·
2 0.09 T F T · · · F F
3 0.009 F F F F · · · T
4 0.001 F T T T · · · · · ·

p 0.99 0.901 0.991 0.1 0.909 0.091

The distribution in the table confirms the above diagram by generating probabilities
p(A ∨ B) = 0.991 for the premise of inference 2 and p(¬A ⇒ B) = 0.10 for its conclusion,
and probabilities p(A⇒ B) = 0.909 for the premise of inference 3 and p(¬B ⇒ ¬A) = 0.091
for its conclusion. This proves that it is mathematically possible for A ∨ B to be highly
probable while ¬A ⇒ B is improbable, and for A ⇒ B to be probable while ¬B ⇒ ¬A is
improbable, which completes step 2 in the analysis of inferences 2 and 3.

The last thing to do is carry out step 3; i.e., to find real life counterexamples to the
inferences. We leave that to the reader.

Assuming that it is intuitively doubtful whether it would be reasonable to deduce ¬A⇒
B from A ∨ B or ¬B ⇒ ¬A from A⇒ B, we have a new problem: Why do these patterns
of inference seem rational when they are considered in the abstract? This will be returned
to later on, but there are two things to note immediately about the counterexamples, the
first of which is technical.

The technical point is that the above table illustrates a correspondence between the
orders of magnitude of the numerical probabilities in the distribution in the table and the
areas of the regions they correspond to in the corresponding diagram. Thus, region 1 is the
largest in the diagram, and regions 2, 3, and 4 are in decreasing order of magnitude after
that, and in the corresponding table the probabilities of the corresponding cases decrease
by orders of magnitude from case 1 to case 4.11 These orderings, which will be discussed in
more detail later, are theoretically important. That is because similar order-of magnitude
distributions show that the premises of ’probabilistically invalid’ inferences, say of inferences
1-3, can have probabilities arbitrarily close to 1 while their conclusions have probabilities
arbitrarily close to 0, though, interestingly, only if they are also classically invalid can their
premises have probabilities equal to 1 while their concluthe sions have probability 0. This
will be illustrated below, and discussed in more detail in the following section. But there is
a very important informal remark to make on counterexamples to inference 2.

This is that the existence of these counterexamples doesn’t just raise questions about
the proper symbolization of conditional statements, about whether ”if A then B” should be
symbolized as a material or as a probability conditional. It also raises questions concerning
the validity of informal reasoning involving conditionals, independently of the way it is
symbolized. For instance, most people who were ’given’ ”Jane will either take ethics or
logic” would infer ”If Jane doesn’t take ethics she will take logic” without hesitation, thus
seemingly taking it for granted that the conditional can always validly be inferred from the
disjunction. But now we are asking whether this assumption is justified.

10That the regions are ordered so that the one with A and B both false is third and not last is because
we want their probabilities to be in descending order of magnitude.

11But note that if the ’smallest probability’ in case 4 were made equal to 0, the first conclusion, ¬A⇒ B,
would certainly be wrong, even though the area of the corresponding region in diagram was positive.
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The assumption is a very important one. If it were always rational to infer ”If not A
then B” from ”Either A or B”, then this, coupled with the fact that the inverse inference is
always rational, as will be seen immediately below, would imply that ”Either A or B” and
”If not A then B” were logically equivalent. And by the same token this would imply that ”If
A then B” should be logically equivalent to ”Either not A, or B”, which is itself equivalent
to a material implication. Thus, it would follow that ordinary language conditionals were
equivalent to material implications, and symbolizing them as such would not be arbitrary
because it follows from the seemingly unquestionable assumption that they follow from
disjunctions. But we now see that there are cases in which it is not be rational to infer ”If
not A then B” from ”Either A or B”, and this shows that it is wrong to symbolize it as
¬A→ B in those cases.

But now let us turn to other inferences.
Inference 4 is the inverse of inference 1, but the following argument shows that, unlike

the latter, it has no counterexamples. Consider the following diagram, below, where, rather
than numbering the regions, variable probabilities x, y, z, and w are entered into them:

This diagram gives the probability of A → B as p(A → B) = x + z + w, while the
probability of A⇒ B is p(A⇒ B) = z/(y+z). But it is easy to see that the first probability
must be at least as high as the second. That follows from the fact that 1 − (x + z + w) =
y ≤ y/(y + z) (because y + z ≤ 1), and y/(y + z) = 1 − z/(y + z). Clearly, therefore, it
is impossible to construct a diagrammatic counterexample representing A⇒ B as probable
and A → B as improbable. And, it follows that steps 2 (and hopefully step 3) cannot be
carried out.

The foregoing is significant for two reasons. One is that because material conditionals are
equivalent to disjunctions, the fact that they can always be inferred from conditionals guar-
antees that disjunctions can always be inferred from conditionals – though not conversely,
as we have seen.

The other point is that the fact that p(A → B) ≥ p(A ⇒ B) guarantees that Up(A →
B) ≤ Up(A⇒ B), which means that the inference A⇒ B |= A→ B satisfies the uncertainty
sum condition in its application to inferences with a single premise. Recalling that satisfying
this condition is a necessary and sufficient condition for inferences without conditionals to be
classically valid, it now appears that a probabilistic condition that is equivalent to classical
validity applies to inferences involving probability conditionals as well, even though they
don’t have classical truth values. We will see that this generalizes, and furnishes us with
a probabilistic criterion of validity that applies to these inferences. Inference 5 furnishes
another illustration.

Inference 5, modus ponens, is similar to inference 4 in one respect, but it is much more
important, among other things because of its extremely common applications. This also
satisfies the uncertainty sum condition, Up(B) ≤ Up(A) + Up(A ⇒ B),12 as can be verified

12Actually, modus ponens satisfies the stronger condition that p(B) ≥ p(A) × p(A ⇒ B). To see this,
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by referring to the above diagram. The diagram pictures Up(B) = x + y, Up(A) = x + w,
and Up(A⇒ B) = y/(y+ z), and therefore up(B) ≤ Up(A) +Up(A⇒ B) follows if it can be
shown that x+ y ≤ x+w+ [y/(y+ z)]. But this follows immediately because y ≤ y/(y+ z).

Since modus ponens satisfies the uncertainty sum condition, it will turn out to be valid
in the probabilistic sense to be defined soon. Later on we will even show that it has another
property that entitles it to a ’distinguished place’ among inferences that are valid in this
sense. For immediate practical purposes, however, this result shows that there are no dia-
grammatic or real life counterexamples to modus ponens, and therefore it is safe to reason
in accord with it in everyday life.

Now consider inferences 6 and 7, both of which are valid in classical logic. In spite of
this, however, the following diagram is a counterexample to both inferences:

Here most of circle B lies inside circle C and therefore B ⇒ C is represented as being
probable, but none of region 3, which corresponds to A ∧ B, lies inside region B, and
therefore (A∧B)⇒ C is totally improbable. Hence this is a diagrammatic counterexample
to inference 6. Similarly, most of region A lies inside B and most of B lies inside C, but
none of A lies inside C, and therefore A ⇒ B and B ⇒ C are pictured as probable while
A ⇒ C is totally improbable. Hence we have diagrammatic counterexamples to inferences
6 and 7.

Turning to step 2, the following table13 below distributes probabilities among the regions
of the above diagram in a way that roughly corresponds to their areas.

region p A B C A⇒ B B ⇒ C (A ∧B)⇒ C A⇒ C
— — —T— —T— —T— —T— —T— —T— —T—
3 0.09 T T F T F F F
— — —T— —F— —T— —F— —· · ·— —· · ·— —T—
2 0.00001 T F F F · · · · · · F
5 0.9 F T T · · · T · · · · · ·
6 0.0009 F T F · · · F · · · · · ·
4 0.00009 F F T · · · · · · · · · · · ·
1 0.009 F F F · · · · · · · · · · · ·

p 0.0901 0.9909 0.900091 0.9999 0.9083 0 0

Again, the distribution in the table generates high probabilities for the premises of infer-
ences 6 and 7, and now it generates zero probability for their conclusions, which confirms the
diagram and completes step 2 of the analysis. Note too the ’descending order-of-magnitude’
of probabilities in the table, similar to those in the earlier table, although we have not

recall that p(B) = p(B|A)× p(A) + p(B|¬A)× p(¬A) and that we have assumed that p(A⇒ B) = p(B|A).
13Dashed lines are drawn through the regions in which A,B, and C are all true, and in which A and C

are true but B is false, since there are no regions in the above diagram that correspond to them.
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bothered to order them from top to bottom.
We leave step 3 to find a real-life counterexample to the reader, again.
Finally, let us note that inference 8 satisfies the uncertainty sum condition, hence it is

implausible that either a diagrammatic or real life counterexample to it can be constructed.
This is implied by the inequality on the left and the equation on the right below,

p(C|A) ≥ p(B ∧ C|A) = p(B|A)× p(C|A ∧B),

which implies in turn that Up(A⇒ C) ≤ Up(A⇒ B) + Up((A ∧B)⇒ C).14

We conclude this section by pointing out two other important generalizations that are
illustrated by inferences 1-8. First and most important, the inferences divide into two
classes: ones like inferences 4, 5, and 8 that satisfy the uncertainty sum condition, and ones
like inferences 1, 2, 3, 6, and 7, whose premises can be arbitrarily highly probable while their
conclusions have arbitrarily low or zero probability. Later we will state a general theorem
that implies that all inferences fall into one of these two classes. This motivates the definition
of probabilistic validity, which involves the two classes, which will be stated and discussed
in the following section.

The second point has to do with the way the class that an inference belongs to is deter-
mined. If an inference satisfies the uncertainty sum condition this is established by giving a
general argument involving probabilities. On the other hand, showing that the premises of
an inference can be arbitrarily probable while its conclusion has arbitrarily low or zero prob-
ability is established by constructing a diagrammatic counterexample and a corresponding
order-of-magnitude probability distribution. In this case the diagram is also used to find a
real life counterexample, in which the inference’s premises are intuitively probable but its
conclusion is intuitively improbable. But the method for doing this, and particularly that of
constructing a diagrammatic counterexample, is itself intuitive, since nothing has been said
about how these diagrams were constructed. We will describe various systematic methods
for doing this later on .

Exercise 9 For each of the inferences below, either construct a diagrammatic counterexam-
ple to it or argue that no counterexample can be constructed.

1. A⇒ B ∴ B ⇒ A

2. ¬(A ∧B) ∴ A⇒ ¬B

3. A ∨B,A⇒ B ∴ B

4. A⇒ B,¬A⇒ ¬B ∴ B ⇒ A

5. (A ∨B)⇒ C ∴ A⇒ C

6. A⇒ C,B ⇒ C ∴ (A ∧B)⇒ C

7. A⇒ C,B ⇒ C ∴ (A ∨B)⇒ C

14The argument is as follows. The inequality on the left is a simple generalization of the law
that p(C) ≥ p(B ∧ C), since C is a logical consequence of B ∧ C, and the equation on the
right is a simple generalization of the chain rule. Combining these two facts with the facts that
Up(A⇒ C) = Up(C|A), Up(A⇒ B) = Up(B|A), and Up((A ∧B)⇒ C) = p(C|A ∧B), it follows that:

1− Up(A⇒ C) ≥ (1− Up(A⇒ B))(1− Up((A ∧B)⇒ C))
≥ 1− Up(A⇒ B)− Up((A ∧B)⇒ C) + Up(A⇒ B)× Up((A ∧B)⇒ C)
≥ 1− Up(A⇒ B)− Up((A ∧B)⇒ C),

and therefore Up(A⇒ C) ≤ Up(A⇒ B) + Up((A ∧B)⇒ C).
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8. A⇒ B,C ⇒ ¬B ∴ A⇒ ¬C

9. A⇒ B,B ⇒ A,¬A⇒ ¬B ∴ ¬B ⇒ ¬A

10. A⇒ B,B ⇒ A,A⇒ C ∴ B ⇒ C

Exercise 10 For each inference in exercise 9 for which you can construct a counterexample,
construct a distribution in which its premises have probability at least 0.9, while its conclusion
has a probability no greater than 0.1.

Exercise 11 For each inference in exercise 9 for which you can construct a diagrammatic
counterexample, find ordinary language interpretations of its variables whose probabilities
correspond to those in the diagram.

4 Truth and Triviality

4.1 Truth functionality

A conditional, any conditional, is truth-functional if the truth-value of the whole is uniquely
determined by the truth-values of its parts. How the value of the whole is determined can
always be shown in a truth-table:

L E L→ E L⇒ E L ==⇒ E L > E (Stalnaker)
T T T T · · · T
T F F F · · · F
F T T · · · · · · T or F
F F T · · · · · · T or F

L→ E is the material implication and L⇒ E, is the ’probability conditional’. L ==⇒ E
is an ’undetermined conditional’, whose rows could be filled in with any one of sixteen
possible combinations of ’T ’s and ’F ’s, which will be returned to immediately below. And,
L > E is a non-truthfunctional ’Stalnaker conditional’ (Stalnaker proposed that his analysis
of counterfactual conditionals gives the correct meaning to indicative conditionals as well),
which has ’T or F ’ entered in the last two rows to indicate that even when the truth-values
of L and E are fixed, the truth-value of L > E could still be either T or F . But our
question for the moment is this: Assuming that the undetermined conditional L ==⇒ E is
truth-functional, what truth-values should be filled in in its rows? It will now be argued
that the ’best’ truth-values are precisely those of the material implication.

One way to determine the ’best’ combination of truth-values is by elimination, that is, by
trying them out and eliminating the combinations that are ’obviously’ wrong. Now, everyone
agrees that if a conditional’s antecedent is true and its consequent is false then the whole
conditional must be false, and therefore we can eliminate all combinations that have ’T ’s in
the second row. The material implication fills in all the other rows with ’T ’s, but perhaps
some other way would be better still. It is generally agreed that ’T ’ is the only plausible
entry in the top row (though see later on when we discuss a ‘causal’ analysis), because a
statement like ”If Jane takes logic she will take logic” cannot be false, so it must be true,
even when both parts are true. Therefore the only cases that are undecided are those in
which the antecedent is false, in the two bottom rows. In fact, however, the argument that
L ==⇒ E must be true when L and E are both true also implies that it must be true when
they are both false, since ”If Jane takes logic she will take logic” must be true when ”Jane
will take logic” is false. Therefore, the only thing left to determine is what the truth value
of L ==⇒ E ought to be when L is false and E is true. Can it be false in that case?
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Suppose that after it hadn’t rained and therefore it hadn’t poured either, someone looked
at the ground and said ”If it rained it didn’t pour”. The antecedent of this conditional would
be false and its consequent would be true in these circumstances, and we would probably
say that the person who uttered the statement would have spoken the truth. If so, there
must be at least one true conditional whose antecedent is false and whose consequent is
true. And, if the truth is determined by the truth-values of the conditional’s antecedent and
consequent then all conditionals with false antecedents and true consequents must be true,
i.e., ’T ’ must be filled in in the truth-table for L ==⇒ E in the row in which L is false and
E is true. Thus, we seem to have established the ’rightness’ of the material truth values for
the ordinary language conditional, for all combinations of truth-values of its parts. But the
foregoing presupposes that the truth of a conditional is determined by the truth-values of
its parts, more or less in the way that the truth of negations, conjunctions, and conjunctions
is determined. That certainly simplifies logic, by making it possible to use truth-tables to
determine the validity of any inference whose premises and conclusion are truth-functional.
But it begs the fundamental question: Is the ordinary language conditional truth-functional?

4.2 Truth-conditionality: Stalnaker’s Theory

Not all compound sentences are truth-functional. For instance, the truth of ”Jane will take
rogic after she takes ethics” depends not only on Jane’s taking logic and ethics but also on
the order in which she takes them. Therefore we cannot determine the truth of ”Jane will
take logic after she takes ethics” just by knowing that she will take both logic and ethics,
and we would not know how to fill in the top row in a truth-table for this sentence:

L E L after E E after L
T T T or F T or F
T F F F
F T F F
F F F F

The strict conditional is not truth-functional. The theory that L strictly implies E,
LV E , is true if it is not possible for L to be true and E to be false implies that ”If today
is Friday then today is Friday” is true because, although its antecedent and consequent may
both be false, it is not possible for one to be true and the other false. On the other hand,
although both parts of ”If today is Friday then we will have fish” may be false, the whole
statement could be false because it is possible for today to be Friday without our having
fish. But the fact that the strict conditional is not truth-functional doesn’t mean that it is
not logical. In fact, assuming that we can be clear about the ’possibilities’ in terms of which
strict implication is defined, strict implication is still truth-conditional in the sense that the
conditions under which statements of the form L V E are true are precisely defined, and
therefore it can be a subject of precise logical study.

But being precise and truth-conditional isn’t necessarily being right, and, because there
is more than one truth-conditional theory of conditionals, the question arises: Which, if any,
is right? We will conclude this section by sketching the outlines of one such theory that
looks as ’right’ as any theory of this kind can possibly be.

What is wrong with strict implication as a theory of the meaning of conditionals like ”If
Jane doesn’t take logic she will take ethics” is not that it isn’t truth-functional or that it
isn’t precise, but that it seems to make the truth of these statements matters of pure logic.
We feel strongly that the rightness of the statement should depend on whether, as a matter
of fact, Jane has to take either logic or ethics.
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We have seen before that Stalnaker developed a theory of (counterfactual) conditionals
in terms of a comparative similarity relation between worlds. In the following picture the
actual world is pictured as a point labelled w, in the ’space’ of worlds or points that are
located at different places in the ’universe’ inside the diagram, in which the circles L and E
contain the worlds in which Jane takes logic and in which she takes ethics, respectively.

The significant thing is that while Jane is pictured as taking logic and not ethics in the
actual world, she takes ethics and not logic the world w′, which is closer to the actual world
than any world outside of both circles, in which she takes neither logic nor ethics. Now we
are in a position to account for conditionals like ”If Jane doesn’t take logic she will take
ethics.”

”If Jane doesn’t take logic she will take ethics” turns out to be true according to Stal-
naker’s theory, not because there is no world in which she takes neither logic nor ethics, but
because she takes ethics in the world nearest to the actual world in which she doesn’t take
logic. That is just what the above diagram shows, since the world nearest to world w in
which Jane doesn’t take logic is on the edge of region L, next to w′, and that is in the class
of worlds in which she takes ethics. This also accounts for many of the facts that we have
already noted, concerning the validity of inferences involving conditionals.

We have argued that ”If Jane doesn’t take logic she will take ethics” ought not to follow
from ”Either Jane will take logic or she will take ethics”. The following diagram represents
a situation in which ”Either Jane will take logic or she will take ethics” is true in the actual
world, w, because she takes logic in w, but ”If she doesn’t take logic she will take ethics”
is false in w because she doesn’t take ethics in the world nearest to w in which she doesn’t
take logic.

Hence the inference ”Either Jane will take logic or ethics; therefore, if she doesn’t take logic
she will take ethics” is invalid in ’Stalnaker logic’ because there is a possible world in which
its premise can be true while its conclusion is false.

The well-known fallacies of material implication also turn out to be invalid in Stalnaker’s
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theory, since the diagram pictures ”Jane will take logic” as true while ”If Jane doesn’t take
logic she will take ethics” is false. Similarly, ”Jane won’t take ethics; therefore, if she doesn’t
take logic she won’t take ethics” is invalid in the previous diagram because its premise is
true in world w but its conclusion is false in that world, since Jane does take ethics in the
world nearest tow in which she doesn’t take logic.

Thus, Stalnaker’s theory agrees with the probabilistic theory in its evaluation of certain
inferences, but it does not take the radical step of redefining validity in terms of probability
and improbability rather than in terms of truth and falsity. While not truth-functional, this
theory is truthconditional, which also means that it does not run into problems defining
logical compounds like negations of conditionals. Even more, it can be proved that in its
application to inferences involving noncompounded conditionals, the theory yields the same
results as the probabilistic theory. We seem to get the same gain at far less cost! The next
section points out that there is still a problem, however.

4.3 The problem of probability

While the Stalnaker theory has the same consequences as the probabilistic theory so far
as the validity of inferences is concerned, at least when the inferences don’t involve com-
pounds of conditionals, the probabilities assigned to conditionals by it are not conditional
probabilities, and therefore it disagrees with the probability conditional theory at the level
of probability. The difference between the probabilities of Stalnaker conditionals and condi-
tional probabilities is made obvious in comparing the probability of the Stalnaker conditional
L > E with the probability of E given in the following diagram:

Here L and E correspond to vertical strips whose only common points are on the bound-
ary between them, and the proportion of L that lies inside E, which corresponds to the
conditional probability of E given L, is infinitesimally small, i.e., p(E|L) ≤ ε. On the other
hand, the worlds in which L > E is true are ones like w, which are such that the nearest
world to w in the L-strip, corresponding to the dot on the border of L, are in E, and these
include all worlds except those in the interior of the L-strip. But these are almost all worlds,
and therefore the probability of L > E being true, i.e., the probability of being in a world
in which it is true, is very close to 1, i.e., p(L > E) ≈ 1.

It looks as though we have to choose: Do we accept probability conditionals and give up
truth-conditionality, with all that entails, or do we accept Stalnaker conditionals and reject
the thesis that the probability of a conditional is a conditional probability?15

15Of course, we may say that there are two kinds of conditionals, probability conditionals symbolized,
for instance, as ¬L ⇒ E, and Stalnaker conditionals symbolized as ¬L > E, which are subject to the
same ’logic’ as far as the validity of inferences is concerned, but which have different probabilities. The real
question is: What kind of conditional is an ordinary language statement like ”If Jane doesn’t take logic she

25



Are probability conditionals and Stalnaker conditionals the only options? Have we ruled
out the possibility of ’having our cake and eating it’ by defining a truth-conditional condi-
tional, like Stalnaker’s, but agreeing with the probability conditional on probabilities? Now
we will see that the answer is ”no,” and this follows from certain of the most important
formal ’results’ of modern probability logic.

4.4 Triviality Result

The original and most famous triviality results were derived by David Lewis in a cele-
brated paper ”Probabilities of conditionals and conditional probabilities”, Lewis (1976).
Lewis makes some assumptions to show that Stalnaker’s Hypothesis (SH), i.e., the idea that
∀p : p(B ==⇒ C|A) = p(C|A∧B), leads to triviality.16 The two assumptions are the follow-
ing:17

(i) A ==⇒ B expresses a proposition, i.e., has a truth value in each world.

(ii) The proposition expressed by ‘A ==⇒ B’ doesn’t depend on the probability func-
tion p with respect to which it is interpreted.

Lewis’s proof is then very simple:

1 p(B ==⇒ C|A) = p(C|A ∧B) (SH)

2 p(A) = p(A|B)× p(B) + p(A|¬B)× p(¬B) law of probability

3 p(A ==⇒ B) = p(A ==⇒ B|B)× p(B) + p(A ==⇒ B|¬B)× p(¬B). instance of 218

4 p(A ==⇒ B) = p(B|A ∧B)× p(B) + p(B|A ∧ ¬B)× p(¬B) by 1 and 3

5 p(B|A) = p(B|A ∧B)× p(B) + p(B|A ∧ ¬B)× p(¬B) from (SH) and 4

6 p(B|A ∧B) = 1 law of probability

7 p(B|A ∧ ¬B) = 0 law of probability

8 p(B|A) = p(B) from 5, 6, and 7

The final line is an intuitive absurdity, because it implies that B and A are independent a
priori. From this result Lewis proves that probability function p can have at most 4 distinct
values, which makes the probability function trivial.

The foregoing seems to suggest that we cannot have our cake and eat it, and we
have to choose. If we accept the conditional probability thesis we have to give up truth-
conditionality, and if we accept truth-conditionality we have to give up the conditional
probability thesis.19 The choice is not easy because there are strong reasons for accepting
each. To suppose that there is a 1 in 17 chance that a second ace will be dealt if one ace has
already been dealt implicitly assumes the Conditional Probability Thesis. But if we accept

will take ethics?”
16Notice that this is a generalization to what we have discussed above; the above is a special case with

A = >.
17To be sure, Lewis also assumed that there are only two truth-vaues, but we will neglect that here.
18For this step it is crucial to assume that the meaning of ‘==⇒’ is context-independent: A ==⇒ B expresses

the same proposition with respect to (i) probability function p and (ii) probability function p updated by B
(and ¬B).

19Or assume that the proposition expressed by ‘A ==⇒ B’ is very context dependent. This, actually, seems
a natural way to go, and Van Fraassen (1976) even shows by construction how to preserve Stalnaker’s thesis
by making the meaning of the conditional very context-dependent. Harper (1976) shows something similar
for a more limited version of Stalnaker’s hypothesis. Although very interesting, we won’t go into that here.
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that and give up truth-conditionality we can’t say that ”If the first card is an ace then the
second card will also be an ace” is true or false in the standard ’logical’ sense of truth and
falsity. Nor can we claim that ”It is not the case that if the first card is an ace then the
second card will also be an ace” must be true or even clearly probable.

5 Probabilistic Validity

5.1 Introduction

As said before, and as will be proved in the next section, inferences in our formal language,
including probability conditionals, are ’partitioned’ into two classes: (1) those that satisfy the
uncertainty sum condition, and (2) those whose premises can be arbitrarily highly probable
while their conclusions have arbitrarily low probabilities. Given that to this point we haven’t
had a criterion of validity for inferences in our language, this result suggests defining one in
terms of the partition; i.e., it suggests defining such an inference to be probabilistically valid
(abbreviated p-valid) if and only if the uncertainty of its conclusion cannot exceed the sum
of the uncertainties of its premises.

Definition 6 (Probabilistic Validity)
P1, · · · , Pn |=p P iff for all p : Up(P ) ≤ Up(P1) + · · ·Up(Pn)

Thus, inferences 4, 5, and 8 of section 3.3 are p-valid, while inferences 1, 2, 3, 6, and 7 as
well as the paradoxes of material implication are probabilistically invalid (p-invalid). This
idea will be very important in what follows, and a few comments may help to fix it in the
reader’s mind.

The first point is that we have not defined the validity of an inference in the ordinary
’truth-conditional’ way, i.e., as it not being possible for its premises to be true while its
conclusion is false. But this is something that can’t be done in the case of inferences
involving probability conditionals, since the ordinary concepts of truth and falsity don’t
apply to them.

The second point is that while we haven’t defined p-validity in the ordinary way, we
have defined it in such a way as, in a sense, to extend the ordinary definition. Specifically,
’purely factual inferences’ that don’t involve probability conditionals, like {E ∨L,¬E} ∴ L,
are valid in the ordinary truth-conditional sense if and only if they satisfy the uncertainty
sum condition, and therefore we can say that they are valid in this sense if and only if
they are valid in the probabilistic sense that we have just defined. But the ordinary truth-
conditional concept of validity doesn’t apply to inferences involving probability conditionals
like A ∨B ∴ ¬A⇒ B, and only the probabilistic one does.

The third point is that unlike probability itself, which is a matter of degree, p-validity is
an all-or-none property of an inference. Modus ponens is ’simply’ p-valid while the inference
from A ∨B to ¬A⇒ B is simply p-invalid, and there are no gradations in between.

Finally, we will describe a number of other properties of p-validity later on which provide
further justification for defining the validity of inferences involving probability conditionals
in this way, and one of these is worth mentioning at this point. That is that p-validity is
a deduction relation in the following formal sense. (1) Any premise in a set of premises is
p-entailed by those premises; i.e., all inferences whose conclusions are among the premises
are p-valid. (2) If the conclusion of one inference is p-entailed by the conclusions of a set
of inferences, then it is p-entailed by the union of the premises of these other inferences. In
short, consequences of consequences of premises are consequences of them.
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Exercise 12 You can argue as follows that the fact that {A,A ⇒ B} ∴ B and {B,B ⇒
C} ∴ C are both p-valid inferences guarantees that {A,A⇒ B,B ⇒ C} ∴ C is p-valid:

1. {A,A⇒ B,B ⇒ C} ∴ A is p-valid; set of premises p-entails member.

2. {A,A⇒ B,B ⇒ C} ∴ A⇒ B is p-valid; set of premises p-entails member.

3. {A,A⇒ B} ∴ B is p-valid. given (modus ponens).

4. {A,A ⇒ B,B ⇒ C} ∴ B is p-valid; because B p-entailed by A and A ⇒ B, and A
and A⇒ B are both p-entailed by {A,A⇒ B,B ⇒ C}

5. {A,A⇒ B,B ⇒ C} ∴ B ⇒ C is p-valid; set of premises p-entails member.

6. {B,B ⇒ C} ∴ C is p-valid. given (modus ponens)

7. {A,A ⇒ B,B ⇒ C} ∴ C is p-valid; because C p-entailed by B and B ⇒ C, and B
and B ⇒ C are both p-entailed by {A,A⇒ B,B ⇒ C}.

Give a similar argument that the fact that {A,B} ∴ A ∧ B is p-valid guarantees that
{A,B,C} ∴ A ∧B ∧ C is p-valid.

5.2 Order-of-Magnitude Orderings and Distributions

This section will be concerned with the first method for assessing inferences involving con-
ditionals to determine the classes to which they belong. Essentially, the method simply
generalizes the descending order of magnitude probability distributions illustrated earlier
on, which in turn order the cases to which these probabilities apply and determine whether
the conditionals involved in the inferences have high or low probabilities.

To get the basic idea of an order-of-magnitude distribution (OMP-distribution) let us
return to the table given above repeated here.

region p A B C A⇒ B B ⇒ C (A ∧B)⇒ C A⇒ C
— — —T— —T— —T— —T— —T— —T— —T—
3 0.09 T T F T F F F
— — —T— —F— —T— —F— —· · ·— —· · ·— —T—
2 00001 T F F F · · · · · · F
5 0.9 F T T · · · T · · · · · ·
6 0.0009 F T F · · · F · · · · · ·
4 0.00009 F F T · · · · · · · · · · · ·
1 0.009 F F F · · · · · · · · · · · ·

p 0.9001 0.9909 0.900091 0.9999 0.983 0 0

In this table the highest probability 0.9 is attached to region 5, which corresponds to case
#5. For brevity, let us write its probability as p5. The next highest probability of 0.09
attaches to case #3 whose probability may be written as p3 The next highest is 0.009, at-
taching to case #1, whose probability can be written p1 , and so on. These probabilities
conform to a simple rule:

p5 = .9 = .10× .9, p3 = .11× .9, p1 = .12× .9, p6 = .13× .9, p4 = .14× .9, and p2 = .15

And, we get a more general rule by choosing any small quantity v, and setting:
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p5 = 1−v = v0(1−v), p3 = v1(1−v), p1 = v2(1−v), p6 = v3(1−v), p4 = v4(1−v), p2 = v5.

It is not hard to prove that this series of values sums to 1,20 and therefore they constitute
a probability distribution, which we will call a v-distribution. The significant thing about
v-distributions is that they always generate either high or low probabilities for factual or
conditional formulas that are formed from A,B, and C. This is illustrated by the values
in the table, all of which are either greater than 0.9 or less than 0.1. More generally, we
can say that for any formula φ ⇒ ψ or simply ψ, the probability generated by the OMP-
v-distribution for φ ⇒ ψ or ψ is either greater than or equal to 1 − v or less than or equal
to v. Assuming that v is close to 0, this implies that all formulas either have probabilities
close to 1, which is almost like truth, or close to 0, which is almost like falsity. Moreover,
there is an easy rule for determining whether a formula’s probability is close to 1 or to 0,
and we can use this as a kind of ’probabilistic truth-table test’ for determining the class to
which an inference belongs. Two more bits of terminology will help us to do this.

All of the v-distributions above order the probabilities of the cases to which they apply
in the same way, and this ordering determines one on the cases themselves, called an order
of magnitude probability ordering (abbreviated OMP-ordering). This can be written as
5 � 3 � 1 � 6 � 4 � 2, which means that the probability of case #5 is an order of
magnitude greater than the probability of case #3, the probability of case #3 is an order of
magnitude greater than the probability of case #1, and so on.

Now we introduce the important idea of a factual formula ψ or conditional formula φ⇒ ψ
holding in an OMP-ordering like 5 � 3 � 1 � 6 � 4 � 2.

Definition 7 1. ψ holds in the ordering if it is consistent with the case that is highest
in the ordering,

2. φ⇒ ψ holds in the ordering if the highest case that is consistent with φ∧ψ is higher
than the highest case that is consistent with φ ∧ ¬ψ (and, if φ ∧ ¬ψ is not consistent
with any cases then φ⇒ ψ holds).

For example, ¬A∧B holds but A∧¬B doesn’t hold in the ordering 5 � 3 � 1 � 6 � 4 � 2
because ¬A∧B is consistent but A∧¬B is inconsistent with case #5, which makes A false
and B and C true. And, A ⇒ B holds in the ordering because the highest case in it that
is consistent with A ∧ B is case #3, which is higher than the highest case consistent with
A ∧ ¬B, which is case #2. Conversely, A ⇒ ¬B doesn’t hold in this ordering because the
highest case that is consistent with A∧¬B is case #2, which is not higher than the highest
case consistent with A ∧ ¬¬B, which is case #3.

Given the idea of holding, we can give a rule for determining whether φ ⇒ ψ has
probability ≥ 1− v or ≤ v in an OMP-ordering:

Fact 1 If p(·) is the probability function generated by the v-ordering then p(φ⇒ ψ) ≥ 1− v
holds if and only if φ ⇒ ψ holds in the ordering, and p(φ ⇒ ψ) ≤ v if and only if φ ⇒ ψ
does not hold in it. Similarly, p(φ) ≥ 1− v holds if and only if ψ holds in the ordering, and
p(ψ) ≤ v if and only if ψ does not hold in it. (not proved here)

The distribution in the above table and the OMP-ordering that it generates provide some
examples. The ordering was 5 � 3 � 1 � 6 � 4 � 2, and we saw that A ⇒ B holds in it,

20This is most easily proved by adding up the terms in reverse order: v5+v4×(l−v)+v3×(l−v)+· · · Then

v5 + v4 × (l − v) = v4, v5 + v4 × (l − v) + v3 × (l − v) = v4 + v3 × (l − v) = v3,
and so on down to v0 = 1.
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essentially because the the highest case that is consistent with A ∧ ¬B is case #2, which is
lower in the ordering than case #3, which is consistent with A∧B. Similarly, B ⇒ C holds
because the highest case that is consistent with B ∧¬C is case #3, which is lower than case
#5, which is consistent with B ∧ C. On the other hand, A ⇒ C does not hold because
A∧¬C is consistent with cases #2 and #3, and there are no cases that are consistent with
A ∧ C.21 The distribution is an OMP-v-distribution with v = 0.9, and, as the table shows,
A⇒ B and B ⇒ C both have probabilities greater than 0.9 while A⇒ C has a probability
less than 0.1. Therefore, we can call our ordering an OMP-counterexample to the inference
{A ⇒ B,B ⇒ C} |= A ⇒ C, because in the corresponding OMP-v-distribution p(A ⇒ B)
and p(B ⇒ C) are both greater than or equal to 1− v, while p(A⇒ C) is less than or equal
to v.

Now, the fact that an OMP-ordering isn’t a counterexample doesn’t show that an in-
ference satisfies the uncertainty sum condition, any more than the fact that an ordinary
model or ’interpretation’ isn’t a counterxample doesn’t show that an inference is valid in
the classical sense. However, we can show that if there are no OMP-counterexamples to an
inference then it must satisfy the generalized uncertainty sum condition. But to do this we
must consider more general OMP-orderings.

The ordering 5 � 3 � 1 � 6 � 4 � 2 can be turned into another OMP-ordering simply
by reordering its members, for example as 2 � 4 � 6 � 1 � 3 � 5. However, both this and
the previous ordering leave out the two lines in the table that are ’strike-outs’, with lines
through them, because they don’t correspond to regions in the above diagram. Now, forget-
ting about the actual sizes of the regions, the following table might represent a distribution
over possible sizes.

region p A B C A⇒ B B ⇒ C (A ∧B)⇒ C A⇒ C
8 0 T T T T T T T
3 0.09 T T F T F F F
7 0 T F T F · · · · · · T
2 00001 T F F F · · · · · · F
5 0.9 F T T · · · T · · · · · ·
6 0.0009 F T F · · · F · · · · · ·
4 0.00009 F F T · · · · · · · · · · · ·
1 0.009 F F F · · · · · · · · · · · ·

p 0.9001 0.9909 0.900091 0.9999 0.983 0.000001 0.000001

Note that this table is like the previous one except for filling in the lines with strike-outs,
and giving them 0 probability. But now the OMP-ordering includes lines 7 and 8, and these
can be written into the ordering by putting a ’tail’ on the end of it, as follows:

5 � 3 � 1 � 6 � 4 � 2 � 7 ∼ 8 ∼ 0.

What the tail, 7 ∼ 8 ∼ 0,22 at the end means is that the last case in the original ordering,
case #2, is an order of magnitude more probable than cases #7 and #8, both of which have

21Since the cases correspond to lines in the table, it follows that an OMP-ordering corresponds to an
ordering of the lines. Given this, an equivalent condition for a formula to hold in the ordering is that the
highest line on which the formula has the real or ersatz value T must be higher in the ordering than some
line on which it has the value F . Then whether a formula holds in an ordering can be determined by simple
inspection of the table. For instance, A ⇒ B holds because it has the value F only on line 2, but that is
lower in the ordering than line 3, on which A ⇒ B has the value T . On the other hand, A ⇒ C does not
hold because it has the value F on lines 2 and 3, and it doesn’t have the value T on any line.

22The 7 ∼ 8 ∼ 0 in the tail of 5 � 3 � 1 � 6 � 4 � 2 � 7 ∼ 8 ∼ 0 isn’t the only possible ’tie’ that can
occur in an OMP-ordering. For instance, 5 ∼ 3 ∼ 1 � 4 � 6 � 2 � 7 ∼ 8 ∼ 0 would be an ordering in
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0 probability. Thus, adding the tail means simply adding p7 = p8 = 0 at the end of the
corresponding series of probabilities:

p5 = .9 = .10 × .9, p3 = .11 × .9, p1 = .12 × .9, p6 = .13 × .9, p4 = .14 × .9, p2 = .15,
and p7 = p8 = 0.

More generally, for any small quantity ε

p5 = 1− ε = ε0 × (1− ε), p3 = ε1 × (1− ε), p3 = ε2 × (l − ε), p6 = ε3 × (l − ε),
p4 = ε4 × (l − ε), p2 = ε5 , and p7 = p8 = 0

Adding the tail also requires a slight modification of the definition of holding in the case
of conditionals φ⇒ ψ, to say that φ⇒ ψ holds in an OMP-ordering if either (1) every case
that is consistent with φ∧¬ψ is lower in the ordering than some case that is consistent with
φ ∧ ψ, or (2) all cases that are consistent with φ ∧ ¬ψ are equivalent to ∅ in the ordering.
Then we can still say that any formula that holds in this ordering has a probability at least
1− ε and any one that does not hold has a probability less than or equal to ε. But we can
also state the following:

Theorem 10 OMP-counterexample theorem. If there is an OMP-ordering in which
all of an inference’s premises P1, · · · , Pn hold but its conclusion P does not hold then its
premises can have probabilities arbitrarily close to 1 while its conclusion has a probability
arbitrarily close to 0, and thus P1, · · · , Pn 6|=p P . If there is no such ordering then it satisfies
the generalized uncertainty sum condition and P1, · · · , Pn |=p P .23

Although this theorem is only stated and will not be proved here, it is a theorem of
probability logic, that follows from the Kolmogorov axioms together with the ’meaning
postulate’ that p(φ ⇒ ψ) is a conditional probability. The practical importance of the
theorem lies in the fact that a given set of cases only have a limited number of OMP-
orderings, and since we have a mechanical method for determining whether formulas hold
in them, we can run through the orderings one by one to find out whether any of them is
an OMP-counterexample to the inference, in the sense that all of the inference’s premises
hold in the ordering but its conclusion doesn’t hold. In fact, this method works for any
inference for which it is possible to construct a truth-table, no matter what atomic formulas
it involves, since each OMP-ordering corresponds to an ordering of lines in the table, and
there are only a finite number of them.24

But the method is often a very impractical one. Even when there are only three atomic
formulas the number of OMP-orderings is very large and the method is impracticable. That
is because the number of orderings of an 8- line truth table is 1 +2! +3! + ...+ 8! = 46.233,25

and even with only four lines there are 1+2!+3!+4! = 33 possible OMP-orderings. We will
see at the end of this section that there are practical shortcuts, and the following section

which atoms 5, 3, and 1, had probabilities of roughly the same order of magnitude, which is higher than that
of atoms 4, 6, etc. These orderings correspond more strictly to the possibility orderings of David Lewis’s
analysis of counterfactuals, while orderings with ties only in their tails correspond the nearness orderings of
Stalnaker’s (1968) theory of conditionals.

23It can be shown that if the inference belongs to P1, · · · , Pn 6|=p P then its premisses can have probabilities
arbitrarily close to 1 while its conclusion’s probability equals 0.

24Unfortunately, the method doesn’t work for inferences with infinitely many premisses, since truth-tables
cannot be applied to them. Special problems arise in applying probability logic to them because p-validity
is not a compact relation. I.e., it is possible for an inference with infinitely many premisses to be p-valid
even though its conclusion isn’t p-entailed by any finite subset of these premisses.

258! is the factorial of 8, i.e., 8! = l × 2× 3× 4× 5× 6× 7× 8 = 40.320.
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will describe a far shorter shortcut, but first let us illustrate the method in application to
another inference which shows the need to consider OMP-orderings with tails.

Consider the following: (A ∧ C)⇒ ¬A ∴ A⇒ C.

The premise holds in the OMP-ordering

5 � 2 � 1 � 6 � 4 � 3 � 7 ∼ 8 ∼ ∅,

because the only cases that are consistent with φ∧¬ψ = (A∧C)∧¬¬A are 7 and 8, which
are equivalent to ∅. But the conclusion A⇒ C does not hold in this ordering because case
#2 is consistent with A∧¬C, and that is higher than all of the cases that are consistent with
A∧C, which are #7 and #8. It follows that p((A∧C)⇒ ¬A) ≥ 1−v and p(A⇒ C) ≤ v in
the OMP-v-distribution that corresponds to this ordering, and therefore the inference isn’t
valid in the probabilistic sense.

But there is still a problem of finding OMP-counterexamples like 5 � 2 � 1 � 6 � 4 �
3 � 7 ∼ 8 ∼ ∅ out of all of the 46.233 OMP-orderings of the 8 cases, and we conclude this
section with comments on a way of doing this. This is most easily described in application
to inference 7, namely A⇒ B,B ⇒ C |= A⇒ C.

Returning to the diagram, suppose that we want to order cases #1 to #8 in it in such
a way that the premises of inference 7, A⇒ B and B ⇒ C, come out to be probable, while
the conclusion A ⇒ C comes out to be improbable. It is easy to see that in order to make
A ⇒ B probable we must make A ∧ B much more probable than A ∧ ¬B, and therefore
much more probability must go into the union of cases #3 and #8, which are consistent
with A ∧ B, than into the union of cases #2 and #7, which are consistent with A ∧ ¬B.
In order to make this true, the case that is highest in the ordering between cases #3 and
#8 must be higher than the one that is highest between cases #2 and #7. We will express
this requirement by writing ’{3, 8} � {2, 7}’.26 Similarly, making B ⇒ C probable requires
putting much more probability into the union of cases #5 and #8, which are consistent
with B ∧ C, than into the union of cases #3 and #6, which are consistent with B ∧ ¬C.
Therefore the highest of cases #5 and #8 must be higher in the ordering than the highest
of cases #3 and #6, which can be expressed by writing {5, 8} � {3, 6}. Finally, to make
A⇒ C improbable we must put much less probability into the union of #7 and #8, which
are consistent with A ∧ C, than into the union of #2 and #3, which are consistent with
A∧¬C, and therefore the highest among #2 and #3 must be higher than the highest among
#5 and #7, i.e., we must have {2, 3} � {7, 8}. The total ordering of the cases must therefore
satisfy three ’inequalities’:

(a) {3, 8} � {2, 7}
(b) {5, 8} � {3, 6}
(c) {2, 3} � {7, 8}

Now we want to ask whether there is some OMP-ordering of cases #1 to #8 that is
consistent with the inequalities above, i.e., whether there is one in which the highest among
cases #3 and #8 is higher than the highest among #2 and #7 (consistency with inequality
(a)), the highest among #5 and #8 is higher than the highest among #3 and #6 (consistency
with inequality (b)), and the highest among #2 and #3 is higher than the highest among
#7 and #8 (consistency with inequality (c)). In fact, the ordering

26This is equivalent to at least one of the cases in {3, 8} being higher in the ordering than both of the
cases in {2, 7}.
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5 � 3 � 1 � 4 � 6 � 2 � 7 ∼ 8 ∼ 0

actually satisfies this condition, but now let us see how we could have found such an ordering
without searching all of the 46.233 possible OMP-orderings.

If inequalities (a)-(c) are all to hold at the same time in some ordering then the highest
of the cases involved in these inequalities cannot occur on the right hand side of any of them,
because if it did then some other case would be higher than it. Cases #2, #3, #6, #5, #7,
and #8 are the only ones involved in these inequalities, and the only one of these cases that
doesn’t occur on the right of any of the inequalities is case #5. Therefore putting case #5
highest in the ordering would guarantee that inequality (b) was satisfied, i.e., the ordering
we are trying to construct should rank case #5 at the top.

But the remaining cases must still be ordered in a way that guarantees that inequalities
(a) and (c) are satisfied. Cases #2, #3, #7, and #8 are the only ones involved in these
two inequalities, and ordering them in a way that satisfies both inequalities requires that
the highest among these cases must not occur on the right of either of these inequalities.
Case #3 is the only one that is not on the right in either inequality (a) or inequality (c),
and ordering it highest among cases #2, #3, #7, and #8 would guarantee that these two
inequalities were satisfied. Furthermore, if case #3 is put below case #5 but above cases
#2, #3, #7, and #8 this would guarantee that inequality (b) was also satisfied, hence all
three inequalities would be satisfied. In sum, if case #5 is put at the top, case #3 is next
below it, and cases #2, #7, and #8 are below that in the ordering, all of the inequalities
will be satisfied. One way to do this is to order the cases in the order

5 � 3 � 1 � 4 � 6 � 2 � 7 ∼ 8 ∼ 0,

as we have already seen. Of course there are many other ways to order the cases with case
#5 at the top, case #3 next, and all other cases below that, and the variety of these ways
is a crude indication of the range of ’possible probabilistic worlds’ in which the premises of
inference 7 would be probable while its conclusion was improbable.

The final thing to note is that there is no ordering of cases that would make the premises
of inference 8, namely A⇒ B and (A∧B)⇒ C, probable while its conclusion, A⇒ C, was
improbable. We have already seen that making A ⇒ B probable and A ⇒ C improbable
requires satisfying the inequalities {3, 8} � {2, 7} and {2, 3} � {7, 8}. To make (A∧B)⇒ C
probable as well would mean making (A ∧B) ∧C much more probable than (A ∧B) ∧ ¬C,
i.e., the inequality {8} � {3} would have to be satisfied. Combining this with the other two
inequalities we would have:

{3, 8} � {2, 7}
{2, 3} � {7, 8}
{8} � {3}

But these inequalities only involve cases #2, #3, #7, and #8, and since each of them
occurs on the right of one or more of the inequalities, no one of them could be highest in
the ordering. Therefore there is no ordering in which A ⇒ B and (A ∧ B) ⇒ C are both
probable while A⇒ C is improbable, hence according to the OMP-counterexample theorem,
this inference must satisfy the uncertainty sum condition.

Exercise 13 Construct OMP-counterexamples to each of the inferences in Exercise 9 for
which you were able to construct a probability diagram representing its premises as probable
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and its conclusion as improbable. You may need to use orderings with equivalences, ≈,.in
the tail.

Exercise 14 Argue that there are no OMP-counterexamples to the following inferences:
a. {A,A⇒ B} ∴ B
b. {A ∨B,¬A} ∴ B
c. {A⇒ B} ∴ A→ B
d. {A⇒ B,B → C} ∴ A→ C
e. {A⇒ B,B ⇒ A,A⇒ C} ∴ B ⇒ C

[Note that you only need to consider OMP-orderings of four SDs in the case of inferences
a, b, and c, since they only involve the atomic formulas A and B; in carrying out these
arguments it may be helpful to recall the point made in footnote 30, that one class of SDs
is higher than another in an OMP-ordering if there is at least one member of the first class
that is higher in the ordering than all members of the second class.]

Exercise 15 Argue that if an inference is classically invalid in the sense that it is invalid
when ⇒ is replaced by -→, then there is an ordering in which all but one SD is equivalent
to ∅, in which all of its premises have probability 1 and its conclusion has probability 0.

Exercise 16 Argue there are no orderings in which (A ∨ B)⇒ C is probable while both of
A⇒ C and (A ∨B)⇒ B are improbable.

5.3 A three-valued reformulation

It is possible to give a three-valued analysis of p-inference. On such a three-valued analysis,
conditionals of the form “If A, then C” are said to denote conditional objects, C|A, and
these give rise to the following three-valued truth-table (we it don’t allow for ‘embedded’
conditional objects of the form ‘C|(B|A)’ or ‘(C|B)|A’, so we assume that A and C can only
have value 1 or 0):

C|A C 1 0
A
1 1 0
0 ∗ ∗

Now we define an entailment relation between conditional objects:

Definition 8 C|A |=3 D|B if and only if ∀V : if V (C|A) = 1, then ≤ V (D|B) = 1
and if V (D|B) = 0, then V (C|A) = 0.

It is easy to see that this means that C|A |=3 D|B iff A∧C |=cl B∧D en A∧¬C |=cl B∧¬D.

Thus, C|A is determined by A ∧ C and A ∧ ¬C, just like p(C|A) = p(A∧C)
p(A∧C)+p(A∧¬C) .

To give a general three-valued analysis, we need to extend the notion of entailment, by
allowing for more premisses. We do this by defining a new conjunction. We will denote this
new conjunction by ‘&’, and we define it by the following truth-table:

& 1 ∗ 0
1 1 1 0
∗ 1 ∗ 0
0 0 0 0

34



As a result of this truth-table, it follows that for a conjunction like (C|A) & (D|B), if one
of the conjuncts has value ∗, then the whole conjunction simply has the value of the other
conjunct (e.g. if V (C|A) = ∗, then V ((C|A) & (D|B)) = V (D|B)).

One can show that V ((C|A) & (D|B)) = V (((A→ C)∧ (B → D)|A∨B).27 Indeed, the
following holds.

P1& · · ·&Pn has the value 0 if any of P1, · · · , Pn has the value 0, it has the value
1 if none of P1, · · · , Pn has the value 0 and at least one of them has the value 1,
and it has value ∗ if none of ’P1, · · · , Pn has the value 1 or 0.

It can be shown that |=3 coincides with |=p.

Fact 2 A1 ⇒ C1, · · · , An ⇒ Cn |=p B ⇒ D if and only if C1|A1 & · · · & Cn|An |=3 D|B.

27To do so we have to know also what is the value of, for instance, ¬A or A ∧ B, when a part of the
sentence, e.g. A or B, has value ∗. We assume here that if part of the sentence has value ∗ the whole
sentence formed with ∧ or ¬ (and thus also with ∨ or →) has value ∗ as well. Thus, if a sentence has value
∗, we should think of it as being undefined.
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5.4 System P and some equivalences

In the previous sections we have shown several ways in which p-valid inferences can be
characterized semantically. It turns out that they can be characterized in several other ways
as well. First of all, they can be characterized by a deductive inference system: System P.
System P can be stated in several ways, but the standard one is the following (where we say
now that `cl denotes the classical entailment relation and `p the probabilistic entailment
relation):

Definition 9 System P:

1. `p A⇒ A (Reflexivity)

2. If `cl A↔ B, then A⇒ C `p B ⇒ C (Left Logical Equivalence)

3. if `cl A→ B, then C ⇒ A `p C ⇒ B (Right Weakening)

4. (A ∧B)⇒ C,A⇒ B `p A⇒ C (Cautious Cut)

5. A⇒ B,A⇒ C `p (A ∧B)⇒ C (Cautious Monotonicity)

6. A⇒ C,B ⇒ C `p (A ∨B)⇒ C (OR)

Theorem 11 System P is sound and complete with respect to |=p.

From the rules of system P one can derive, for instance, if `cl A → B, then `p A ⇒ B;
and the rule (AND) A ⇒ B,A ⇒ C `p A ⇒ (B ∧ C). Also modus ponens follows from
the above rules. In particular, it follows immediately from Cautious Cut.28 The first three
rules together (thus without rule 4) is known as system C of cumulative reasoning.29 Three
inferences that cannot be derived from system P are the following:

• A⇒ B,B ⇒ C 6`p A⇒ C Transitivity, Hypothetical Syllogism

• A⇒ B 6`p ¬B ⇒ ¬A Contraposition

• A⇒ C 6`p (A ∧B)⇒ C Strengthening of Antecedent

This corresponds with what follows and doesn’t follow by the probabilistic semantics. More
in general, we can state the following equivalence theorem:

Theorem 12 Equivalence theorem: Given an inference from {P1, · · · , Pn} to P (where
all of the Pis are of the form Ai ⇒ Bi), the following are equivalent:

1. for all probability function p, Up(P ) ≤ Up(P1) + · · ·+ Up(Pn);

2. for all δ > 0 there exists ε > 0 such that for all probability functions p(·), if p(Pi) ≥ 1−ε
for i = 1, · · · , n, then p(P ) ≥ 1− δ;

3. it is not the case that for all ε > 0 there is a probability function p(·) such that
p(Pi) ≥ 1− ε for i = 1, · · · , n but p(P ) = 0;

4. P holds in all OMP-orderings in which P1, · · · , Pn holds;

28To see this, we can transform any non-conditional sentence C to > ⇒ C. If in the Cut-rule as formulated
we take A to be the tautology >, the rule comes down to Modus Ponens.

29The reason is that from the first three rules it follows that if A⇒ B, then the set of plausible conclusions
from A and A ∧B are identical.
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5. P1 & · · ·& Pn |=3 P ;

6. P can be derived from P1, · · · , Pn by system P above.

To get some insight, let us use 4. to prove cautious monotonicity. Let � be an OMP-
ordering on some language that includes factual formulas A,B,C in which A ⇒ B and
A ⇒ C hold. Let wA be the highest-ranked world in � that satisfies A. Then wA satisfies
B and C by assumption. Now note that wA is the highest-ranked world that satisfies A∧B,
and that it also satisfies C. Hence, (A ∧ B) ⇒ C holds in �. It follows that (A ∧ B) ⇒ C
is p-entailed by A⇒ B and A⇒ C.

Finally, system P is decidable. One can determine in an algorithmic way whether A⇒ C
can be p-inferred from a set of premises ∆. To see this, we first define a notion of p-
consistency:

Definition 10 A set of conditionals ∆ = {Ai ⇒ Bi} is p-consistent iff for all ε > 0 there
exists a probability distribution p such that for all conditionals Ai ⇒ Bi, p(Bi|Ai) ≥ 1 − ε.
Similarly, a set of conditionals ∆′ is p-consistent with ∆ if ∆ ∪∆′ is p-consistent

A world, w, is said to verify conditional A ⇒ B iff A ∧ B is true in w. It falsifies the
conditional A⇒ B if A ∧ ¬B is true in w. Then we say that conditional A⇒ B tolerates
a set of conditionals ∆ iff it has a verifying world which does not falsify any conditional in
∆. Such a world will be called a confirming world of A ⇒ B with respect to ∆. A set
which contains at least one conditional which tolerates it will be called ‘confirmable’. The
following can be proved:

Theorem 13 A set of conditionals ∆ is p-consistent iff every non-empty subset of ∆ is
confirmable.

This theorem leads to a simple algorithm for testing p-consistency of any set of conditionals:

Consistency-check algortihm
input, set of conditionals, ∆
output, true or false.
(1) Set Γ = ∆, answer = true, i = 0.
(2) While Γ is non-empty and answer is true,

(a) Let ∆i be those conditionals in Γ which tolerate Γ.
(b) If ∆i is empty, let answer = false.
(c) Let Γ = Γ−∆i and i = i+ 1.

(3) Return answer.

Using this algorithm and the theorem, it is possible to test for p-consistency by construct-
ing an ordered partition of the set. If such a partition can be formed, the set is p-consistent.
The algorithm works by repeatedly finding and removing all conditionals which tolerate
the set, and forming a new partition set with them. The process is repeated until a set is
reached in which all conditionals tolerate each other. If no such set is reached, the original
set is p-inconsistent. Thus, when ∆ is p-consistent, a by-product of the algorithm is the
constructed partition ∆0 ∪∆1 · · ·∆n, called the z-partition by Pearl (1990).

Consistency is important to account for entailment:

Theorem 14 If ∆ is p-consistent, then A ⇒ B is p-entailed by ∆ iff A ⇒ ¬B is p-
inconsistent with ∆.
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6 Defaults and Generics

Consider a generic sentence like ‘Birds fly’. This generalization has practical utility because,
given that birds fly you know what to expect when you see a bird, even though the expec-
tation may occasionally be mistaken. The important thing, however, is that it can be more
useful to have guidance that is right most of the time than to have no guidance at all. That
is the ’pragmatic dimension’ of the generic sentence, or default.

Methods of formal logic can be applied to formalize and analyze reasoning involving
generalizations like ”Birds fly”. The basic idea is to measure the pragmatic value or degree
of truth of ”Birds fly” by the proportion of birds that fly, and given this we would expect
”Birds fly” to be fairly highly true – much more so than ”No birds fly”, or ”Birds don’t fly”,
whose degree of truth is measured by the proportion of birds that don’t fly.

From the formal point of view, the interesting thing about measuring the degrees of truth
of generalizations as proportions is that proportions satisfy the probabilistic laws, and that
relative proportions, e.g., of birds that fly, satisfy the laws of conditional probability. This
suggests that reasoning involving the generalizations can be evaluated in much the same
way as reasoning involving conditionals. In fact, generalizations can be treated formally as
conditionals, although we will see that it would be a serious mistake to suppose that they are
conditionals. The next subsections outline this in more detail, beginning with a formalism for
symbolizing the generalizations that we are concerned with. The final subsection examines
the connection between generalizations and conditionals more closely.

6.1 Simple generics

The expressions that we will focus on in this (sub)section involve only unary predicates like
Bx and Fx, symbolizing ”x is a bird” and ”x flies” with one free variable, which we can
always suppose is ’x’. Let us call Bx,Fx, and compounds like Bx∧Fx indefinite sentences,
and we will use the⇒ connective in the ’indefinite generalization’ Bx⇒ Fx, which symbol-
izes ”If x is a bird then x flies,” or, equivalently, ”Birds fly.” Indefinite sentences, including
generalizations, are in contrast to definite sentences like Bt, F t, Bt∧Ft,Bt⇒ Ft, etc., that
involve individual constants like t, and which might symbolize ”Tweety is a bird,” ”Tweety
flies” and ”Tweety is a bird that flies,” and ”If Tweety is a bird then Tweety flies.” Aside
from conditionals, definite sentences are simply true or false, or true or false in cases or
possible worlds; but indefinite sentences, including generalizations, will be supposed to have
’degrees of truth’. In the case of such a nonconditional indefinite sentence, as Bx ∧ Fx, its
degree of truth in a world will simply be taken to be the proportion of values of ’x’ that
satisfy it in the world w, and in the case of such a generalization as Bx ⇒ Fx, its degree
of truth is taken to be the proportion of values of ’x’ that satisfy Fx out all values satisfy
Bx.30 Proceeding in this way, the degrees of truth of Bx ∧ Fx and of Bx ⇒ Fx will be
written r(Bx∧Fx) and r(Bx⇒ Fx), where r(·) is the degree of truth function for the world
w. This is in contrast to prefixing Bx → Fx with the universal quantifier ∀, which applies
to the strict universal generalization ∀x(Bx → Fx), which properly symbolizes the false

30That a definite conditional like Bt ⇒ Ft doesn’t have a truth-value in a world, while its indefinite
counterpart, Bx ⇒ Fx, has a degree of truth is explained by the fact that if a constant, t, has only one
value, it doesn’t make sense to talk of the proportion of its values that satisfy Ft out of all those that satisfy
Bt.

For certain purposes it is sometimes necessary to consider the possibility that a population might be
infinite, and that creates a problem when it comes to defining proportions. It is possible to deal with this,
but it involves considerable mathematical complications which we will avoid here by assuming that all of
the populations that we deal with are finite.
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statement ”Every bird, without exception, flies.” But ”Birds fly” symbolized by Bx ⇒ Fx
isn’t strict, and its degree of truth, r(Bx⇒ Fx), can be quite high.

Turning to deductive relations among our generalizations, we will make use of the fact
that their degrees of truth satisfy the same laws as probabilities, and they can be represented
diagrammatically in the same way. For instance, adding another predicate and letting Px
symbolize ”x is a penguin”, we can represent the populations of birds, of things that fly,
and of penguins as regions in a Venn diagram, thus:

Here, birds and penguins are represented by the points in circles B and P , respectively,
flying things are represented by points in region F , and Tweety is represented by a point
inside P. Thus, Tweety is represented as being a penguin, i.e., as a nonflying bird. On the
other hand, the proportion of birds that fly corresponds to the proportion of region B that
lies inside region F , which is fairly high, although it is less than 1. Therefore, the strict
universal ∀x(Bx→ Fx) is pictured as being false but the unstrict generalization ”Birds fly”,
symbolized as Bx ⇒ Fx, is pictured as being highly true, though not perfectly true. On
the other hand ”Birds who are penguins fly,” symbolized as (Bx ∧ Px) ⇒ Fx, is pictured
as perfectly false, because none of the intersection of circles B and P lies inside of F .

We also see that the above diagram constitutes a diagrammatic counterexample to the
inference Bx ⇒ Fx ∴ (Bx ∧ Px) ⇒ Fx, since it pictures its premise as highly true at the
same time that its conclusion has no truth. This brings out the fact that we can define a
concept of validity that applies to inferences involving default generalizations, in the same
way that probabilistic validity applies to inferences involving probability conditionals. We
will call this measure-validity (m-validity) to distinguish it from the probabilistic version, but
it clearly obeys the same laws. In particular, we can use the probability diagram technique
to show that inferences like Bx ⇒ Fx ∴ (Bx ∧ Px) ⇒ Fx are m-invalid, and to construct
real-life examples in which reasoning of a given pattern would be irrational. Furthermore,
the principles of p-validity translate into principles of m-validity for inferences involving
approximate generalizations. In fact, the trivalent truth-table method discussed above can
be adapted to determine whether inferences like Bx⇒ Fx ∴ (Bx ∧ Px)⇒ Fx are m-valid,
and you can use system P to deduce conclusions from the premises of inferences that are
m-valid. Thus, the truth-table method shows this inference to be m-invalid, since making
Bx and Fx both true and Px false verifies the premise but it doesn’t verify the conclusion-so
the premise doesn’t yield the conclusion, as the proportionality diagram above shows.31

That m-validity corresponds with p-validity means that transitivity, contraposition and
strengthening of the antecedent are not valid for defaults. And that is correct:

• Transitivity: Penguins are Birds, Birds Fly, but Penguins don’t Fly.

310f course, Bx and Fx are true ’in name only’, and Px is false in name only. Strictly speaking, these
formulas have degrees of truth and not ’simple’ truth values.
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• Contraposition: Birds Fly, but if we are in a world in which the only non-flying objects
are a few sick birds, it doesn’t hold that ¬Fly(x)⇒ ¬Bird(x)

• Strengthening of the Antecedent: Marrying Ann makes you happy, but marrying Ann
and her sister won’t make you happy. (even if marrying Ann’s sister alone would make
you happy).

One of the interesting features of p-validity, and thus also ofm-validity, is that it automat-
ically satisfies specificity: it overrides defaults when more specific defaults are available.
Consider the following set of defaults (for now, we forget about the free variable x, and
symbolize ‘Brids fly’ simply by B ⇒ F ): ∆ = {B ⇒ F,B ⇒ W,P ⇒ B,P ⇒ ¬F}, where
B ⇒W,P ⇒ B and P ⇒ ¬F symbolize the defaults ‘Birds have wings’, ‘Penguins are birds’
and ‘Penguins do not fly’, respectively. It is easy to see that ∆ p-entails (P ∧ B) ⇒ ¬F .
This can be shown in two ways. (i) By applying the rule of cautious monotonicity to P ⇒ B
and P ⇒ ¬F , the default (P ∧ B)⇒ ¬F can be derived directly; and, (ii) by applying the
consistency-check algorithm to the set ∆′ = {B ⇒ F,B ⇒ W,P ⇒ B,P ⇒ ¬F, (P ∧B)⇒
F} it is easily shown that (P ∧ B) ⇒ ¬F is p-entailed by ∆: B ⇒ F and B ⇒ W tolerate
the whole set so ∆0 = {B ⇒ F,B ⇒ W} and Γ = {P ⇒ B,P ⇒ ¬F, (P ∧ B) ⇒ F}; no
default in Γ tolerates it so ∆1 is empty and therefore ∆′ is p-inconsistent and (P ∧B)⇒ ¬F
is p-entailed by ∆. Thus, in the case of two conflicting possibilities for penguin-birds, they
may fly, because they are birds, or not, because they are penguins, the p-semantics auto-
matically selects that default conclusion favoured by the more specific default; in this case,
since penguins are known to be a subclass of birds, the default relating specifically to pen-
guins applies. In this, it differs from many other default logics, where specificity has to be
determined in a separate way.

6.2 A note on majority interpretations of defaults

We have analysed defaults just like indicative conditionals, meaning that those aren’t true
or false in a world. Likewise, we have treated inferences between defaults just in terms of
p-entailment, But why didn’t we do things differently? Why not, for instance, say that
“Birds fly” is true in a world just in case case p(Fx|Bx) ≥ n, for some specific n? And
why not develop a logic for defaults that characterizes moderately high probabilities, say
probabilities higher than 0.5 or 0.9 – or more ambitiously, higher than α, where α is a
parameter chosen to fit the domain of the predicates involved?

The answer is that any such alternative logic would be extremely complicated and prob-
ably would need to invoke many of the axioms of arithmetics. Take, for instance, the logic of
“majority,” namely, interpreting the default Ax⇒ Bx to mean “The majority of As are Bs”,
or p(Bx|Ax) > 0.5. On this interpretation the most important axioms of system P don’t
remain valid. Consider Cautious Monotonicity, for example. It is violated by the following
proportions: 51% of students are male (Sx ⇒ Mx), 51% of all students will receive more
than an 8 (Sx⇒ >8x), but contrary to the Cautious Monotonicity axiom it does not follow
that the majority of male students will receive more than an 8. It is even possible that only
2% of the male students will receive more than an 8, yielding (Sx ∧Mx) ⇒ ¬ >8x. Even
the OR-axiom can be violated; it only holds for disjoint sets.32

32If we restrict ourselves to particular kinds of probabiltiy functions, however — i.e., the so-called ‘big
step probabiltiy functions’, it turns out that it is possible after all. For such functions, there must be a linear
order � over the worlds such that p(w) >

∑
{v:w�v} p(v). Notice that this means that on such probability

functions, the ‘best’ world must always have a probability of at least 1
2

. (cf. Benferhat, Dubois and Prade,
‘Possibilistic and standard probabilistic semantics of conditional knowledge’),
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The problem won’t disappear if we choose any other real number in [0,1]. For any analysis
that says that Ax⇒ Cx holds iff p(Cx|Ax) > n, even if n = 1− ε, the same problems will
appear. Still, there are various ways to still solve the problem. One is by using infinitesimals
and assuming that p(·) is a nonstandard probability measure. On this solution, Ax ⇒ Cx
holds if the closest standard real number to p(Cx|Ax) is 1. Another solution is by taking
conditional probability functions (or Popper function) as basic, instead of defining conditional
probabilities in terms of unconditional probabilities, as we have done. According to a third
solution, one makes use of a sequence of probability measures, and requiring that p(Cx|Ax)
goes to 1 in the limit. We won’t go to any of these proposals here, but let us point out
one attraction of using infinitesimals:33 we have shown before that if p(A) ≥ 1 − ε and
p(B) ≥ 1 − ε, that then p(A ∧ B) ≥ 1 − 2ε. However, we have noted (though not proved)
that in general this cannot be improved upon. This is problematic, because it means that
acceptance is not closed under conjunction if one assumes that A is accepted if and only if
p(A) ≥ 1− ε, for any real number ε ∈ [0, 1]. If one allows ε to be an infinitesimal, however,
acceptance is closed under conjunction. The reason is that then ε+ ε is still an infinitesimal,
and thus that the closest real number to p(A ∧B) is still 1. Whether we actually make use
of infinitesimals when we think about defaults (or any other sentence) is another question.

Exercise 17 Consider the following definition of entailment: Γ |=pε φ iff for all probabiltiy
functions p, and all ε ∈ [0, 1] if all γ ∈ Γ : p(γ) ≥ 1− ε, then p(φ ≥ 1− ε.

1. Show that the rules ‘OR’ and the derived rule ‘AND’ (A⇒ B,A⇒ C `p A⇒
(B ∧ C)) of system P are not valid on this notion of inference.

2. Show that the following weakenings of Cautious Monotonicity, OR and AND
are valid on this notion of inference (the last one is difficult):

1. if C |=pε B ∧A, then C ∧B |=pε A (Weak Cautious Monotonicity)

2. if C ∧B |=pε A and C ∧ ¬B |=pε A, then C |=pε A (Weak OR)

3. if C ∧ ¬B |=pε B and C |=pε A then C |=pε B ∧A (Weak AND)

Exercise 18 One can show that the counterexamples to A ∨ B ∴ ¬A ⇒ B are all of a
specific kind. Notice that any probability function p that falsifies this inference must make
A ∨ B a high probability and ¬A ⇒ B a low probability, and thus Up(A ∨ B) must be low

and Up(¬A ⇒ B) high. It follows that thus
Up(A∨B)
Up(¬A⇒B) should be low to make the inference

invalid. Interestingly, one can prove the following inequality Up(A) ≤ Up(A∨B)
Up(¬A⇒B) , which

means, in effect, that the inference can only be invalid in case the probability of A, p(A), is
high. (in case one assumes that one can assert ‘A∨B’ only in case one is reasonably unsure
of A, this means that the invalid inference is, perhaps, still ‘reasonable’)
Similarly, a counterexample to contraposition (A ⇒ B ∴ ¬B ⇒ ¬A) will be a probability

function where the fraction
Up(A⇒B)

Up(¬B⇒¬B) is low. And now we can prove the inequality Up(B) ≤
Up(A⇒B)

Up(¬B⇒¬A) , meaning that any counterexample must give B a high probability.

Finally, any counterexample to transitivity (A ⇒ B,B ⇒ C ∴ A ⇒ C) must be such that
p(A⇒ (B ∧ ¬C)) and p(B ⇒ (C ∧ ¬A) must be high.

1. Prove Up(A)× Up(¬A⇒ B) ≤ Up(A ∨B)

2. Prove Up(B)× Up(¬B ⇒ ¬A) ≤ Up(A⇒ B)

3. Prove Up(A⇒ C)× Up((A ∨B)⇒ B) ≤ Up(A⇒ B) + Up(B ⇒ C)

4. Prove Up(A⇒ C)× Up((A ∨B)⇒ ¬A) ≤ Up((A ∨B)⇒ C)

33The other solutions have the same advantage.
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7 Strengthening system P: Maximal Entropy

Although p-entailment seems to account pretty well for conditionals and defaults, it can-
not account for all ‘reasonable’ inferences. For instance, it cannot account for ordinary
property inheritance in the presence of irrelevant information. Suppose that we accept
that birds fly, B ⇒ F . Consider now whether it follows that red birds fly, (R ∧ B) ⇒ F .
According to the requirement of property inheritance, red birds should inherit the flying
attribute since there is no reason to suppose that redness interferes with flying. However, if
∆ = {B ⇒ F,B ⇒W,P ⇒ B,P ⇒ ¬F}, as before, it is easy to see that ∆∪{(R∧B)⇒ ¬F}
is p-consistent and therefore (R∧B)⇒ F is not p-entailed. The reason for this failure is that
some probability distributions exist which are consistent with a default which states that
“red birds normally do not fly”. This means that p-consequences, which are only those which
hold in all probability distributions consistent with the original defaults, do not contain all
the default conclusions theoretically desired of default reasoning. In order to obtain these
extra inferences, the condition of absolute probabilistic soundness will need to be relaxed.

Second, and unsurprisingly given the previous point, it can be seen that p-entailment
does not handle exceptional inheritance in a satisfactory way. Ideally, one would like the
wing attribute of birds to be inherited by penguins, a subclass of birds, despite the fact that
penguins are exceptional in the flying attribute. However, the set ∆ ∪ {(P ∧B)⇒ ¬W} is
p-consistent so the default (P ∧B)⇒W is not p-entailed.

So, despite its firm foundation in probability theory, the basic p-semantics is clearly not
sufficient to fully capture the kind of reasoning desired of default systems. Being proba-
bilistically sound, all p-consequences are acceptable as default conclusions, but there are
other defaults which, though not probabilistically sound, nevertheless ought, intuitively, to
be entailed. These correspond to commonsense guidelines such as ignoring irrelevant infor-
mation and assuming that the only exceptions to defaults which exist are those explicitly
represented. One of the main difficulties in formalizing this type of reasoning lies in the fact
that these intuitions are hard to define precisely.

What we need is a more general way to account for independence (relative to ∆). We
should be able to deduce that Penguins have wings, because otherwise ‘we would have said
so’.

A traditional way of defining a minimal dependency extension of a given set of constraints
is to invoke the maximal-entropy principle: select from all those probability function that
verify ∆ only that one that has the maximal entropy: H(p∆) ≥ H(p),∀p ∈ ∆. Here H(p)
is the entropy function:

H(p(w)) = −
∑
w

p(w)× log p(w)

We can now define a weak form of entailment by using the unique probability function
p∆ that has maximal entropy among all those that accepts ∆, instead of all p that accept
all elements of ∆ (with ∆ = {P1, · · · , Pn}):

∆ |=e P iff p∆(P ) ≥ 1− nε

Clearly |=p subsumes |=e, because p∆ is only one of the p-functions that accept ∆.
When applied to small default systems, the ME method yields patterns of reasoning

that parallel common discourse. For example, if a theory T involves only three primitive
propositions, A,B and C, the ME approach gives rise to the following patterns of reasoning:

• A⇒ B,B ⇒ C |=e A⇒ C Transitivity, Hypothetical Syllogism

42



• A⇒ B |=e ¬B ⇒ ¬A Contraposition

• A⇒ C |=e (A ∧B)⇒ C Strengthening of Antecedent

• A⇒ C,B ⇒ C |=e (A ∧B)⇒ C Positive Conjunction

To illustrate how the maximum entropy method works, let us look how it accounts for
Strengthening of the Antecedent: A⇒ C ∴ (A∧B)⇒ C. We will do this by looking at the
following Venn diagram:
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Maximal entropy says that B is going to be probabilistically independent of all mentioned
variables. Thus for all (combinations of) mentioned variables X, p(X|B) = p(X|¬B) =
P (X). Next, we know that A ⇒ C, meaning at least that b + e >> a + d. By maximal
entropy, it follows that b = e and that a = d. But from this it follows that e >> d, which is
exactly what (A ∧B)⇒ C says.

Consider contraposition: A ⇒ B ∴ ¬B ⇒ ¬A. For this we will look at the following
Venn diagram:
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Suppose A⇒ B, meaning that b > a. Maximal entropy means that p(A|D) = p(A) = 1
2

and thus (i) a+b = c+d (for p(A) = 1
2 ), and also that (ii) b+c = a+d (for p(B) = 1

2 ). From
(i) it follows that d = a+ b− c and from (ii) that d = b+ c− a. Thus, a+ b− c = b+ c− a,
which means a− c = c− a. But that can only be the case if a = c = 0. By assumption we
know that b > a, it means that b > 0, and from d = b+ c− a it also follows that d > 0 = a.
Thus, ¬B ⇒ ¬A. We can conclude A⇒ B |=e ¬B ⇒ ¬A.

Applying the ME principles to larger systems reveals intriguing phenomena and chal-
lenging possibilities. For example, one can show that A⇒ D,D ⇒ B,A⇒ C,B ⇒ ¬C |=e

(A ∧ B) ⇒ C. In other worlds, the intermediate property D seems not to weaken the
triangularity rule, which gives priority to the subclass A over B.

Unfortunately, the ME approach has several shortcomings, the biggest being its compu-
tational complexity: nobody yet has been able to extract from this semantics a complete
system of qualitative axioms similar to those encapsulating the p-semantics.

Note the strengthening the antecedent is relevant to default instantiation as well.
Suppose ∆ = {B ⇒ F,Bird(Tweety), F emale(Tweety)}. We would like to conclude that
F (Tweety). But we can’t, because strengthening of the antecedent is not valid. Although
maximising entropy is a sufficient condition to enforce strengthening of the antecedent, it is
not a necessary one. All we need is that P (F |B ∧ Female) ≥ P (F |B).
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8 Towards a causal analysis

In this section I will argue for a causal analysis of indicative conditionals. In the first section
I will argue in favour of a particular relevance-based analysis of conditionals, and then I will
show that this relevance-based analysis can be given a ‘causal’ explanattion.

8.1 A connexive, or relevance, approach

Not only the material implication view of indicative conditionals, but also on the proba-
bilistic analysis, and according to Stalnaker’s analysis, the following inference, Conjunctive
Sufficiency, A ∧ C ∴ A ⇒ C is taken to be valid. For the probabilistic analysis this is the

case because if p(A) > 0, p(A ∧ C) < p(A∧C)
p(A) . On Stalnaker’s (and Lewis’s) analysis, the

inference follows because of the strong centerring assumption: w is the most similar world
to w itself, thus if A∧C is true in w, C is true in the most similar world to w where A holds.
However, it is not clear whether the inference from A ∧ C to ‘If A, then C’ should hold. It
should not, if the conditional expresses an independent (perhaps causal) relation between
A and C. Such a relation need not exist, even if both A and C are true, as the following
example shows:

(4) If there are COVID-19 casualties in the USA in 2020, then Ajax won the champions
league in 1995.

This conditional sounds weird, misleading, and arguably false, even though both antecedent
and consequent are true. The weirdness, or even falsity seems due to there being no connex-
ion between antecedent and consequent, although the use of the conditional form suggests
that there is such a connexion. The idea that conditionals express connexion relations goes
a long way back, all the way to Aristotle. Aristotle seems to hold that the following two
principles should hold.

(5) a. ¬(¬A⇒ A) (or equivalently ¬(A⇒ ¬A) Aristotle’s 1st principle
b. A⇒ C ∴ ¬(¬A⇒ C) Aristotle’s 2nd principle

The first principle is accepted by standard analyses as well, the second one seems rather
special, but was accepted as well by most traditional (Greek and Medieval) philosophers.
The third principle is known as Boethius’ principle:

(6) A⇒ C ∴ ¬(A⇒ ¬C) Boethius’ principle

The 1st and 2nd principles of Aristotle and Boethius’s principle together are known as the
connexion principles. The reason is that any theory of conditionals that adheres to these
three principles thinks of the conditional as requiring a connection between antecedent and
consequent.

What is a semantics of A ⇒ C that validates the three principles above? One proposal
would be that a conditional ‘If A, then C’ is acceptable iff p(C|A) > p(C), which is equiv-
alent with demanding that p(C|A) > p(C|¬A). It immediately follows that (i) p(¬A|A) 6>
p(¬A|¬A) (i.e., |= ¬(A ⇒ ¬A), Aristotle’s 1st principle), and that if p(C|A) > p(C|¬A),
then (ii) p(C|¬A) 6> p(C|¬¬A) (A ⇒ C |= ¬(¬A ⇒ C), Aristotle’s 2nd principle) and (iii)
p(¬C|A) 6> p(¬C|¬A) (i.e., A⇒ C |= ¬(A⇒ ¬C), Boethius’ principle), if ♦A and ♦¬A.34

Interestingly enough, such an analysis would have the result that A⇒ C |= ¬A⇒ ¬C (also
known as denying the antecedent).

34Various authors have proposed that A causes C if and only if p(C|A) > p(C|¬A). Unfortunately, this
won’t work, because of spurious correlations.
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Exercise 19 Show that ‘If A, then C’ is acceptable iff p(C|A) > p(C), the inference of
‘denying the antecedent’ is a valid inference.

Moreover, on the proposal under consideration, if ‘If A, then C’ is acceptable, its con-
trapositive ‘If ¬C, then ¬A’ is acceptable as well. That is p(C|A) > p(C|¬A) holds if and
only if p(¬A|¬C) > p(¬A|C). To see this, consider the following ‘contingency table’, where
the a, · · · , d are the distributions of the population:

C ¬C
A a b
¬A c d

Now we can show that p(C|A) > p(C|¬A) iff p(¬A|¬C) > p(¬A|C).35

p(C|A) > p(C|¬A) iff
a

a+ b
>

c

c+ d
iff

ac+ ad > ac+ bc iff

ad > bc iff

ad+ cd > bc+ cd iff
d

b+ d
>

c

a+ c
iff

p(¬A|¬C) > p(¬A|C)

Thus, an analysis of conditionals that says that A⇒ C is true or acceptable/assertable
iff p(C|A) > p(C|¬A) looks promising.

There are a number of worries with our analysis of conditionals under consideration.
First, it is questionable whether denying the antecedent and contraposition really holds for
conditionals.

Second, Douven (2008) convincingly argues that the analysis is too weak:

My colleague Henry’s quitting his job is evidence that I shall teach next year’s
introductory course in social philosophy, because conditional on the former the
latter is a bit more probable than it is unconditionally. But even the conditional
probability is still exceedingly low, given that I simply lack the requisite back-
ground for teaching such a course. It is in effect much more likely that Tom,
my other colleague, who has a specialization in social philosophy, will teach the
course if Henry quits his job. Thus,

(7) If Henry quits his job, I shall teach next year’s introductory course in
social philosophy.

is not acceptable to me, notwithstanding that its antecedent is evidence for its
consequent.

Douven demands that for a conditional ‘If A, then C’ to be acceptable, it should not only
be the case that p(C|A) > p(C), but also that p(C|A) is high. Alternatively, one could get

35Note that it is not the case that p(C|A)− p(C|¬A) = p(¬A|¬C)− p(¬A|C). Notice also that it doesn’t
hold that p(C|A) > p(¬C|A) iff p(¬A|¬C) > p(A|¬C). This means that it doesn’t hold that p(C|A) > 1

2
iff

p(¬A|¬C) > p(A|¬C).
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rid of this problem by redefining the relevance approach as follows (as done in van Rooij &
Schulz (2019)):

Definition 11 The conditional ‘If A, then C’ is acceptable iff p(C|A) − p(C|¬A) is close

to 1 − p(C|¬A). But this means that the measure ∆∗PCA = p(C|A)−p(C|¬A)
1−p(C|¬A) is close to 1

(meaning that p(C|A) is high). This, in turn, is equivalent with demanding that the measure

p(¬A|¬C)× p(C|A)−p(C)
1−p(C) is close to 1.

Interestingly, this analysis makes Transitivity and Strengthening of the Antecedent valid
on the same condition as the relevance analysis using ∆P . Moreover, this analysis can be
motivated by a causal analysis of (also indicative) conditionals.

8.2 A causal derivation of ∆∗PC
A

For our causal explanation of the measure ∆∗PCA we follow Cheng (1997) and assume that
events of type A have unobservable causal powers to produce events of type C. We will
denote this unobservable causal power by pac. It is the probability with which A produces
C when A is present in the absence of any alternative cause. This is different from p(C|A).
The latter is the relative frequency of C in the presence of A. We will denote by U the
(unobserved) alternative potential cause of C (or perhaps the union of alternative potential
causes of C), and by puc and p(C|U) the causal power of U to produce C and the conditional
probability of C given U , respectively. We will assume (i) that C does not occur without a
cause and that A and U are the only potential causes of C (or better that U is the union
of all other potential causes of C other than A), i.e., that p(C|¬A,¬U) = 0, (ii) that pac is
independent of puc, and (iii) that pac and puc are independent of p(A) and p(U), respectively,
where independence of pac on p(A) means that the probability that A occurs and produces
C is the same as p(A) × pac. The latter independence assumptions are crucial: by making
them we can explain the stability and (relative) context-independence of causal powers.

A U

C

pac puc

Now we are going to derive pac, the causal power of A to produce C, following Cheng
(1997).36 To do so, we will first define p(C) assuming that C does not occur without a cause
and that there are only two potential causes, A and U , i.e., p(C|¬A,¬U) = 0 (recall that
p(A ∨ U) = p(A) + p(U)− p(A ∧ U)):

(8) p(C) = p(A)× pac + p(U)× puc − p(A ∧ U)× pac × puc.

Interestingly, from this formula it immediately follows that in case A is the only potential
direct cause of C, i.e., when puc = 0, it holds that p(C) = p(A)×pac. Because p(A|A) = 1,
it immediately follows that thus pac = p(C|A)! Equally interesting is that in case A and U
are incompatible (i.e., p(A ∧ U) = 0), then also pac = p(C|A).

36Glymour (2001, p. 75) calls Cheng’s derivation ‘a brilliant piece of mathematical metaphysics’. Cheng
(1997) also discusses an analysis of preventive causes. We won’t deal with this here.
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In case of a controlled experiment, we can set (and not just observe) U to be false. In
that case pac is nothing else but the probability of C, conditional on A and ¬U :

(9) pac = p(C|A,¬U) the causal power of A to generate C.

One problem with this notion is that controlled experiments are hard, especially if we don’t
know really what this union of alternative causes U is. Thus, it still remains mysterious how
anyone could know, or reasonably estimate, the causal power of A to produce C. It turns
out that we can simplify things a lot if we assume that A and U are, or are believed
to be, independent of each other. Assuming independence of A and U , p(C) becomes

(10) p(C) = p(A)× pac + p(U)× puc − p(A)× pac × p(U)× puc.

As above, ∆PCA is going to be defined in terms of conditional probabilities:

(11) ∆PCA = p(C|A)− p(C|¬A).

The relevant conditional probabilities are now derived as follows:

(12) p(C|A) = pac + (p(U |A)× puc)− pac × p(U |A)× puc.
p(C|¬A) = p(U |¬A)× puc (derived from (10), because p(A|¬A) = 0).

Making use of the independence of A and U this simplifies to

(13) p(C|A) = pac + (p(U)× puc)− pac × p(U)× puc.
p(C|¬A) = p(U)× puc

As a result, ∆PCA comes down to

(14) ∆PCA = pac + (p(U)× puc)− (pac × p(U)× puc)− (p(U)× puc)
= [1− (p(U)× puc)]× pac

From this last formula we can derive pac as follows:

(15) pac =
∆PC

A

1−p(U)×puc
.

Our above derivation shows that to determine pac in case events of type C might have
more causes, we have to know the causal power of puc, which is equally unobservable as pac.
You might wonder what we have learned from the above derivation for such circumstances.
It turns out, however, that pac can be estimated in terms of observable frequencies after all,
because p(U) × puc is the probability that C occurs and is produced by U . Now, p(C|¬A)
estimates p(U)×puc because A occurs independently of U , and, in the absence of A, only U
produces C. It follows that pac can be defined in terms of observable frequencies as follows:

(16) pac =
∆PC

A

1−p(C|¬A) = p(C|A)−p(C|¬C)
1−p(C|¬A) .

But this is exactly the same as ∆∗PCA , the measure that is close to what Douven uses to
account for conditionals.

Let us go back to the case that we talk about a controlled experiment where we set
the alternative causes, U , to 0. Thus, for this controlled experiment we only have to look at
the probability function conditioned by ¬U , i.e., p(·|¬U). Because we know by assumption

that p(C|¬A,¬U) = 0, it immediately follows that p(C|A,¬U)−p(C|¬A,¬U)
1−p(C|¬A,¬U) = p(C|A,¬U).

Thus, for the controlled experiment where we set U to be false, we see that the causal power
of A to generate C is just p(C|A,¬U), just as we claimed before.
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What happens in case A entails C? One can show that in that case, pac = 1, provided
that P(C) 6= 1. Let us assume that C = A ∨B. In that case we can do the same derivation
as above resulting in the following:

(17) pa,a∨b =
∆PA∨B

A

1−p(A∨B|¬A) = p(A∨B|A)−p(A∨B|¬A)
1−p(A∨B|¬A) .

Because p(A ∨ B|A) = 1, this value is 1, at least if p(A ∨ B|¬A) 6= 1, i.e., if p(A ∨ B) 6= 1.
This is in general the case: if A entails C, p(C|A) = 1 and if p(C|¬A) 6= 1, then pac = 1.

It is not always straightforward to determine the causal power of A to produce C. Con-
sider the following causal structures:

A B

C

(i)

A B

C

(ii)

B A D

C

(iii)

For network (i), the following holds:

(18) a. p(C) = p(A)× pac + p(B)× pbc − p(A)× pac × p(B)× pbc, and
b. p(A) = p(B)× pba

Before we determined pac as P (C|A,¬B), but given that B causes A, it will never hold
that A ∧ ¬B. Instead, what we have to do is to define the causal power of A produce C
by making use of intervention: (i) eliminate the arrows into A (in this case only eliminate
the arrow from B to A) and (ii) assume that A is true. This basically means that the
new causal network will be the one that we discussed before (with B exchanged for U)
and that pac is thus the same as before. You might wonder why, instead of assuming
that B is false, pac = p(C|A,¬B), we don’t determine the causal power of A as follows:
p(C|A,B) × p(B) + p(C|A,¬B) × p(¬B). It turns out that this is also a causal notion,
known as p(C|do(A)).

As for structure (ii), we have to distinguish the direct and total causal power of A to
produce C. If we don’t assume that pab = 1, it is possible that A ∧ ¬B, and we can thus
determine p(C|A∧¬B), which is the direct causal power. As for the total causal power, this
is in this case just p(C|A).

For structure (iii) we have the same problem. Here, however, there is no direct causal
power to produce C, there is only total causal power. It is interesting how we can determine
this. First, notice that

(19) p(C) = p(B)× pbc + p(D)× pdc − p(B)× pbc × p(D)× pdc.

We will denote this as p(C) = p(B)× pbc ⊕ p(D)× pdc. Notice also that

(20) a. p(B) = p(A)× pab and
b. p(D) = p(A)× pad

Notice that it immediately follows that pab = p(B|A) and pad = p(D|A). Thus,

(21) p(C|A) = p(B|A)× pbc ⊕ p(D|A)× pdc
= pab × pbc ⊕ pad × pdc
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Just as for structure (ii), also in structure (iii) the total causal power of A to produce C,
i.e. pac, is just P (C|A), and thus pac = pab × pbc ⊕ pad × pdc.

In the derivation above we have assumed that A by itself can cause C. Of course, this is a
simplification. Striking a match, for instance, does not by itself cause it to light. Certain
background conditions have to be in place: there must be oxygen in the environment, the
match must be dry, etc.. In a sense this is captured: we don’t assume that pac, or ∆∗PCA ,
is either 1 or 0. In fact, we can think of ∆∗PCA as modeling the probability with which the
background conditions are in place (Cheng, 2000). To see this more precisely, let’s be more
explicit about this by taking interactive causes more explicitly into account. Suppose that
A can interact with B to cause C. Let us also assume that just like A, U and the interaction
AB are generative cause, and no preventive ones.37 Notice that given independence, p(C)
is now the complement of the chance that C is failed to be generated by any of the three
causes:

(22) p(C) = 1− [1− p(A)× pac]× [1− p(U)× puc]× [1− p(A)× p(B)× pab,c].

Thus, assuming independence,

(23) a. p(C|¬A) = p(U)× puc and
b. p(C|A) = 1− [1− pac]× [1− p(U)× puc]× [1− p(B)× pab,c].

Subtracting (23-a) from (23-b) gives us

(24) ∆PCA = pac + p(B)× pab,c − p(C|¬A)× pac − p(C|¬A)× p(B)× pab,c
−p(B)× pac × pab,c + p(C|¬A)× p(B)× pac × pab,c.

But this means that

(25) ∆PCA = [pac + p(B)× pab,c − p(B)× pac × pab,c]× [1− p(C|¬A)].

Rearranging things gives us

(26) ∆∗PCA =
∆PC

A

1−p(C|¬A) = pac + p(B)× pab,c − p(B)× pac × pab,c.

In case we know that pac = 0, as in the case of the match and the oxygen,

(27) ∆∗PCA = p(B)× pab,c.

Thus for predicting the lighting of the match when it is struck ∆∗PCA is still useful, because
it measures the causal power of A to produce C, given background conditions B (oxygen,
dryness of the surrounding air). If the background conditions for A to produce B are stable
(say p(B) = 1), then pab,c = ∆∗PCA . Now, in case pac = 0 and pab,c = 1, the measure ∆∗PCA
estimates p(B), the probability with which the background conditions are in place. Finally,
suppose that puc = 0, and thus that there is only one cause. In that case ∆∗PCA = p(C|A).
In case pac = 0 and pab,c = 1, the measure ∆∗PCA = p(C|A) estimates p(B).

37Cheng (2000) and Novick & Cheng (2004) give also derivations when some of these are preventive causes.

49


