
TOPOLOGICAL SEMANTICS OF MODAL LOGIC
TSINGHUA SUMMER SCHOOL OF LOGIC 2021

TAKE HOME EXAM

• Deadline: July 4 24:00 (midnight).
• Grading is from 0 to 100 points.
• Good luck!

(1) (25 points) Let (X, τ) be a topological space and

τ ′ = {U ∈ τ : Cl(U) = X} ∪ {∅}
Show that (X, τ ′) is a topological space, which in addition is extremally disconnected.

(2) (25 points)
(a) LetM = (X, τ, V ) andM′ = (X ′, τ ′, V ′) be topological models and T ⊆ X×X ′

a d-bismulation. Show that if xTx′, then for every modal formula ϕ we have

M, x |=d ϕ iff M′, x′ |=d ϕ

(b) Let 〈6=〉 be a modal operator with the following semantics

M, x |= 〈6=〉ϕ iff there is y ∈ X such that y 6= x and M, y |= ϕ.

Show that 〈6=〉 is not expressible in the d-semantics.

(3) (25 points)
(a) Let M = (X, τ, V ) be a topological model. Show that for any modal formula ϕ

and any x ∈ X we have

M, x |= ϕ iff M, x |=d Sp(ϕ).

(b) Let (X, τ) be a topological space. Show that for any modal formula ϕ we have

X |= ϕ iff X |=d Sp(ϕ)

(c) Deduce from the above that for every formula ϕ we have

S4 ` ϕ iff wK4 ` Sp(ϕ).

You are allowed to use topological completeness of S4 and wK4.

(4) (25pt) (More challenging!) Let

S4.3 = S4 + (�(�p→ q)) ∨�(�q → p))

A topological space (X, τ) is called hereditarily extremally disconnected or HED for
short if X is extremally disconencted and any subspace of X is also extemally dis-
connected.
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Two sets A,B ⊆ X are separated provided Cl(A) ∩ B = ∅ = A ∩ Cl(B). It is
known that X is HED iff any two separated subsets of X have disjoint closures.

(a) Show that S4.3 is sound for HED-spaces (it is sufficient to check that the extra
axiom of S4.3 is valid on all HED-spaces).

(b) Show that S4.3 is complete for HED-spaces. (Hint: work out the relational
semantics of S4.3 and use it for topological completeness. You may assume that
S4.3 is a Sahlqvist logic and hence Kripke complete.)


