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• The interventionist approach to counterfactuals

Plan today

• Introducing intervention
• Introducing structural equational models

• The interventionist approach to causation
• Logical properties of this approach to counterfactuals 
• Some challenges

— BREAK —

The interventionist approach to 
counterfactuals



Basic Idea 
A sentence 

If it had been the case that A; it would have been the 
case that C 

is true in the actual world w0 iff C is true in all possible 
worlds in which  

(a) A is true, and which  
(b) in other respects are maximally similar to w0.

Similarity Approach



Suppose there is a circuit such that the light is on (L) exactly 
when both switches are in the same position (up or down). At 
the moment switch one is down (¬S1), switch two is up (S2) 
and the lamp is off (L). 
(4)If switch one had been up, the lamp would have 

been on. (S1 > L)

the circuit example



Structural Causal Models

Definition 1. 

A signature S is a tuple (U, V, R), where U is a set of exogenous 
variables, V is a set of endogenous variables, and R associates 
with every variable Y a nonempty set R(Y) of possible values for 
Y. 

A causal model (or structural model) over signature S is a tuple 
M=(S, F), where F associates with each endogenous variable X 
a function denoted FX that determines the value of X based on 
the value of all the other variables. (Pearl & Halpern 2005)



Structural Causal Models

Definition 2. We call F recursive iff there is some total ordering 
≺ of the variables in V such that if X ≺ Y, then FX     is independent 
of the value of Y; that is, FX (. . . , y, . . .) = FX (. . . , y’, . . .) for all y, 
y’ ∈ R(Y).
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Example (Pearl & Halpern 2005)

Structural Causal Models

L

F

ML

forrest fire F, caused either by 
lightening L or a match lit ML by an 
arsonist

Signature? 
Function F?

F = ML ∨ L



Example (Pearl & Halpern 2005)

Structural Causal Models

such an intervention amounts to assigning a value to X by external means,

thus overruling the assignment specified by FX. In this case, Y is no longer

committed to tracking X according to FX. Variables on the left-hand side of

equations are treated differently from ones on the right-hand side.

For those more comfortable with thinking of counterfactuals in terms of

possible worlds, this modification of equations may be given a simple ‘closest

world’ interpretation: the solution of the equations obtained by replacing the

equation for Y with the equation Y ! y, while leaving all other equations

unaltered, gives the closest ‘world’ to the actual world where Y ! y. In this

possible-world interpretation, the asymmetry embodied in the model says

that if X ! x in the closest world to w where Y ! y, it does not follow that

Y! y in the closest worlds to w where X! x. In terms of structural equations,

this just says that if X ! x is the solution for X under the intervention Y ! y,

it does not follow that Y ! y is the solution for Y under the intervention

X ! x. Each of two interventions modifies the system of equations in a dis-

tinct way; the former modifies the equation in which Y stands on the left,

whereas the latter modifies the equation in which X stands on the left.

In summary, the equals sign in a structural equation differs from algebraic

equality; in addition to describing an equality relationship between variables,

it acts as an assignment statement in programming languages, since it speci-

fies the way variables’ values are determined. This should become clearer in

our examples.

Example 2.1 Suppose that we want to reason about a forest fire that could be

caused by either lightning or a match lit by an arsonist. Then the causal

model would have the following endogenous variables (and perhaps others):

" F for fire (F ! 1 if there is one, F ! 0 otherwise);

" L for lightning (L ! 1 if lightning occurred, L ! 0 otherwise);

" ML for match lit (ML ! 1 if the match was lit, ML ! 0 otherwise).

The set U of exogenous variables includes conditions that suffice to render all

relationships deterministic (whether the wood is dry, whether there is enough

oxygen in the air for the match to light, etc.). Suppose that~uu is a setting of the

exogenous variables that makes a forest fire possible (i.e. the wood is suffi-

ciently dry, there is oxygen in the air, and so on). Then, for example,

FF (~uu,L,ML) is such that F ! 1 if either L ! 1 orML ! 1. Note that although

the value of F depends on the values of L and ML, the value of L does not

depend on the values of F and ML. &

As we said, a causal model has the resources to determine counterfactual

effects. Given a causal model M ! (S, F ), a (possibly empty) vector ~XX of

variables in V, and vectors ~xx and ~uu of values for the variables in ~XX and U,
respectively, we can define a new causal model denoted M~XX ~xx over the
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Structural Causal Models

Definition 3. 

A probabilistic causal model is a pair (M, P(u)), where M is a 
causal model and P(u) is a probability function defined over the 
domain of U.

The function P(u), together with the fact that each endogenous 
variable is a function of U, defines a probability distribution over 
the endogenous variables.

P(y) = P(Y=y) = 𝚺{u|Y(u)=y} P(u) 



Suppose there is a circuit such that the light is on (L) exactly 
when both switches are in the same position (up or down). At 
the moment switch one is down (¬S1), switch two is up (S2) 
and the lamp is off (L). 

the circuit example

S1

L

S2

U1

U2
L = S1 ↔ S2

S1 = U1

S2=U2



Suppose there is a court, two soldiers and a prisoner. If the 
court orders the execution execution of the prisoner, the 
soldiers will shoot. If at least one of the soldiers shoots, the 
prisoner will die. …

The shooting squad

CU

P = S1 ∨ S2
C=U

S1=C S1

P

S2S2=C



… There is a probability P(U)= p that the court has ordered 
the execution. Soldier 1 has a probability P(W)=q of pulling 
the trigger out of nervousness and this nervousness is 
independent of U.

The shooting squad
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W

P(C) = ?
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… There is a probability P(U)= p that the court has ordered 
the execution. Soldier 1 has a probability P(W)=q of pulling 
the trigger out of nervousness and this nervousness is 
independent of U.
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P

S2S2=C

W

P(C) = p

P(S1)= 1-(1-p)(1-q)

P(P)= P(S1)
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”It is less of a departure from actuality to get rid of e by holding c 
fixed and giving up some or other of the laws and circumstances 
in virtue of which c could not have failed to cause e, rather than to 
hold those laws and circumstances fixed and get rid of e by going 
back and abolishing its cause c.” “… it will normally be best not to 
diverge at all from the actual course of events until just before the 
time of e. The longer we wait, the more we prolong the 
spatiotemporal region of perfect match between our actual world 
and the selected alternative.” (1986: 170-171)

the circuit example
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Intervention

Intervention - changing an equation

Definition 4. Let M be a causal model, X a set of variables in V 
and x a particular realisation of X. A submodel MX=x of M is the 
causal model 

MX=x = <U, V, FX=x>
where FX=x is obtained from F by setting the value of X to x. (Pearl 
& Halpern 2005)



Intervention

Language — talking about causal models

Definition 5. Let M be a causal model with signature <U,V, R>. 
For elements X of V and values x that X can take according to 
R we define a causal language as follows. 

𝜑::= X=x | ¬𝜑 | 𝜑∧ 𝜑 | [X=x]𝜑

counterfactuals



Intervention

Intervention - interpreting counterfactuals

Definition 6. Let M be a causal model and A an assignment of 
values to the exogenous variables U of M. Let A* be the 
extension of A to all variables of M that conforms to F, and A*X=x 
be the extension of A to all variables of M that conforms to FX=x 
• M,A ⊨ X=x         iff         A*(X) = x 
• M,A⊨ [X=x]𝜑      iff         MX=x,A*X=x ⊨𝜑

We evaluate 𝜑 in the submodel 
MX=x we get after cutting X off its 
parents and setting it to value v. 
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two modes of reasoning in SCM:
1. observational inference: probabilistic update, 

belief change


2. interventional inference: interventionist update, 
reasoning from change in the world

based on these two Pearl defines a third mode:

3. counterfactual inference: what if X had been x, 
given that we observed that X=y?

Reasoning in SCM



Suppose there is a circuit such that the light is on (L) exactly 
when both switches are in the same position (up or down). At 
the moment switch one is down (¬S1), switch two is up (S2) 
and the lamp is off (L). 
(4)If switch one had been up, the lamp would have 

been on. (S1 > L)

the circuit example



“The counterfactual 

(1)If Nixon had pressed the button there would 
have been a nuclear holocaust.

is true or can be imagined to be so. Now suppose 
that there never will be a nuclear holocaust. Then 
that counterfactual is, on Lewis' analysis, very 
likely false. For given any world in which the 
antecedent and consequent are both true it will be 
easy to imagine a closer world in which the 
antecedent is true and the consequent false. For 
we need only imagine a change that prevents the 
holocaust but that does not require such a great 
divergence from reality." –Fine 1975: 452



A coin is going to be flipped and you bet on tails. Unfortunately, 
heads comes up and you lose. Now you can say:

(1)If I had bet on heads, I would have won.

THE COIN FLIP

betting flipping losing/winning
w0

antecedent consequent



General algorithm for computing P(Yx = y|e) (Pearl 2009,p.207):

Step 1 (abduction): Update the probability P(u) to obtain P(u|e). 
(updates the past in light of current evidence)

Step 2 (action): Replace the equations corresponding to 
variables in the set X by the equations X=x. (bends the course of 
history (minimally) to comply with the hypothetical antecedent)

Step 3 (prediction): Use the modified model to compute the 
probability of Y=y. (predicts the future)

counterfactuals as 
intervention



… There is a probability P(U)= p that the court has ordered the execution. 
Soldier 1 has a probability P(W)=q of pulling the trigger out of nervousness 
and this nervousness is independent of U.

The shooting squad

CU

P = S1 ∨ S2
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S1=C ∨ S2
S1

P

S2S2=C

W Suppose that we observe 
that the prisoner is dead, 
what is the probability that 
the prisoner had survived if 
the first soldier hadn’t shot?
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if u or w is 1, and 
0 otherwise.

Step 2: intervene with S1=1



… There is a probability P(U)= p that the court has ordered the execution. 
Soldier 1 has a probability P(W)=q of pulling the trigger out of nervousness 
and this nervousness is independent of U.

The shooting squad

CU

P = S1 ∨ S2
C=U

S1= 0
S1

P

S2S2=C

Step 1: calculate P(u,w|P)

P(u,w)
1-(1-p)(1-q)

if u or w is 1, and 
0 otherwise.

Step 2: intervene with S1=1

Step 3: calculate P(¬P¬S1|P)

P(¬P¬S1|P) =P([S1=0]¬P|P)= P(¬U|P) q(1-p)
1-(1-p)(1-q)

=

W



“Consider a man - call him Jones who is possessed of 
the following disposition as regards wearing his hat. If the 
man on the news predicts bad weather, Mr Jones 
invariably wears his hat the next day. A weather forecast 
in favor of fine weather, on the other hand, affects him 
neither way: in this case he puts his hat on or leaves it on 
the peg, completely at random. 
Suppose, moreover, that yesterday bad weather was 
prognosed, so Jones is wearing his hat. In this case, ... .
(1)If the weather forecast had been in favor of fine 

weather, Jones would have been wearing his 
hat." [Tichy (1976)]

Homework
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