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First-order logic lacks the finite model property
Consider the following first-order formulas:
• ∀x¬R(x, x)
(Irreflexivity)
• ∀x∃yR(x, y )
(Unboundedness)
• ∀x∀y (R(x, y ) ∧ R(y , z) → R(x, z))

(Transitivity)

0 < 1 < 2 < 3 < 4 < 5 < 6 < 7 < 8 < ···
Any model for these formulas (for example, the natural numbers in
their usual ordering) is called an unbounded strict total order. It is
not hard to see that any unbounded strict total order is infinite. So
first-order logic lacks the finite model property.

Hybrid logic with ↓ also lacks the finite model property
• This is more difficult to prove, for we lack the globality that
the first-order ∀ quantifier gives us. In hybrid logic with ↓, we
can’t see everything at once. We can’t “fly over the model
like a bird and see it all”.
• But we can use a spypoint argument. The idea is this: we
force the model to contain a special point s. We make s act
like a “spypoint”, a “high place to stand”, a state with a
“good view of the model”.
• In particular shall define a certain sentence and show that all
models satisfying it contain a spypoint s that can see a strict
unbounded total order (see “Hybrid Languages” Blackburn
and Seligman, Journal of Logic, Language and Information 4,
251-272, 1995).

A spypoint argument
Consider the following formula:
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@s (¬3s ∧ 3¬s ∧ 22¬s)
@s 22 ↓ x.@s 3x
@s 23>
@s 2 ↓ x.¬3x
@s 2 ↓ x.22 ↓ y .@x 3y
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We start with the previous one. . .
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A spypoint argument
Consider what any model of the following formula must contain:

∧
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@s (¬3s ∧ 3¬s ∧ 22¬s)
@s 22 ↓ x.@s 3x
@s 23>
@s 2 ↓ x.¬3x
@s 2 ↓ x.22 ↓ y .@x 3y

And then we add the sypoint:
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A spypoint argument

∧
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@s (¬3s ∧ 3¬s ∧ 22¬s)
@s 22 ↓ x.@s 3x
@s 23>
@s 2 ↓ x.¬3x
@s 2 ↓ x.22 ↓ y .@x 3y

Moreover, any model for this formula must contain a spypoint s
such that the set of points UB that s is related to is an unbounded
strict total order — and hence infinite.

Hybrid logic with ↓ is undecidable
• We have stepped over an important boundary: adding ↓ has
cost us decidability.
• In fact, even the fragment consisting of pure, nominal-free,
@-free sentences is undecidable.
• This can also be proved using a spypoint argument: we use
the spypoint as a vantage point surveying a coding of an
undecidable problem. (See “Hybrid Languages” Blackburn
and Seligman, Journal of Logic, Language and Information 4,
251-272, 1995 for the original proof and “Hybrid Logics:
Characterization, Interpolation and Complexity”, Areces,
Blackburn and Marx, Journal of Symbolic Logic, 66:977-1009,
2001 for a sharper result.)

Arthur Prior

Born 4 December, 1914, Masterton, New Zealand.
1949: Work shifts towards philosophy and logic.
1956: John Locke Lectures, Oxford.
1957: Publication of “Time and Modality”.
1967: Publication of “Past, Present and Future”.
1968: Publication of “Papers on Time and Tense”.
Died 6 October, 1969, Trondheim, Norway.

Tense Logic

Today Prior is best known for his invention of tense logic. The
basic ideas of the area were created by him, and many of its most
challenging problems (for example, in the logic of branching time
models) trace back to his work.

Hybrid Logic
Prior also invented hybrid logic — but is work in this area is little
known in the philosophical. An honourable exception to this
neglect are the writings of Peter Øhrstrøm and Per Hasle.

In fact, hybrid logic went on to be re-invented (at least) twice. . .

Hybrid Logic in “Past, Present and Future”
“Past, Present and Future”, Arthur Prior, Clarendon Press, 1967.

Chapter 5, Section 6, Development of the U-calculus within the
theory of world states, pages 88 – 92.
Appendix B, Section 3, On the range of world-variables and the
interpretation of U-calculi in world-calculi. pages 186 – 197.
Nominals are called world variables, and their interpretations
world-propositions. World-calculi means “hybrid logic” (of the
strong type described today) and “U-calculi” means
“correspondence language”.
Prior is basically interested in showing that hybrid logic can
capture the entire correspondence language.

Hybrid Logic in “Papers on Time and Tense”
“Papers on Time and Tense”, Arthur Prior, Clarendon Press, 1968.

Over a third of the book makes use of hybrid logic. Four of the
five technical papers deal with hybrid logic (the fifth is on metric
tense logic)‘. Two of these papers are particularly important for
understanding why hybrid logic was important to Prior, and where
it lead him too.
“The Logic of Ending Time”, pages 98 – 115.
“Tense Logic and Logic of Earlier and Later”, pages 116 – 134.
‘‘Quasi-Propositions and Quasi-Individuals”, pages 135 – 144.
“Tense Logic for Non-Permament Existents”, pages 145 – 159.

Hybrid Logic in “Worlds, Times and Selves”
“Worlds, Times and Selves”, by Arthur Prior and Kit Fine, University of
Massachusetts Press, 1977.

Posthumously published, essentially a collection of papers and
fragments gathered together with an appendix by Kit Fine,
“Worlds, Times and Selves” is one of the great might-have-beens
of hybrid logic.
This book was to have dealt with “the interplay between modal
and tense logic on the one hand, and quantification theory on the
other. One its man concerns was to show that modal and tense
logics could stand on their own, that talk of possible worlds or
instants was to be reduced these logics rather that conversely.”
From Kit Fine’s Preface to WTS.
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Hybrid logic was not an optional extra for Prior: appreciating it’s
role is crucial to evaluating his philosophy. And it’s role was not
unproblematic.
• Arthur Prior invented hybrid logic to solve a philosophical
difficulty.
• He then discovered that it had given him an (deeper)
philosophical difficulty. Prior’s nightmare.
• Nothing in his published writing fully solves the new difficulty.
Perhaps he would have found answers had he lived to
complete “Worlds, Times and Selves”.

Why the neglect of Prior’s work on hybrid logic?
Prior’s use of Polish notation probably didn’t help. Do you
recognize this?
→ 2 → pq → 2p2q

Why the neglect of Prior’s work on hybrid logic?
Prior’s use of Polish notation probably didn’t help. Do you
recognize this?
→ 2 → pq → 2p2q
2(p → q) → (2p → 2q)
Also, Prior doesn’t carefully distinguish the various logical
languages he discusses. They tend to ‘flow’, one into the other. In
many ways this is nice — but it may have prevented readers seeing
how truly new some of the idea he introduced along the way were.

Why the neglect of Prior’s work on hybrid logic?
Furthermore, Prior doesn’t really use the ideas of hybrid logic for
anything apart form solving his philosophical difficulty.
In particular, Prior doesn’t argue that they are of any independent
logical or linguistic interest for temporal reasoning. Indeed, the sole
exception to this is his late paper ‘Now’ — which was not in the
original edition of Papers on Time and Tense. There is an
interesting story behind this paper, and what drove Prior to start
using hybrid logic to deal with now: see “Arthur Prior and
‘now’.”, Patrick Blackburn and Klaus Frovin Jørgensen, Synthese,
193(11), pp. 3665-3676, 2016.
In a nutshell, Prior doesn’t really show that hybrid logic is
interesting in its own right — as he so brilliantly did for tense
logic. And there were plenty of things to say here. . .

Prior on Reichenbach
Reichenbach offered an influential analysis of tense in natural
language based on the idea of reference points.
In “Past, Present, and Future”, Prior is rather dismissive of
Reichenbach’s approach. He offers no deep criticism. His main
point is that sentences like “I shall have been going to see John”
require more than one reference point.
Ironically, the hybrid machinery introduced in “Past, Present and
Future” allows Prior and Reichenbach’s ideas to be blended
seemlessly. Indeed, hybrid machinery allows what linguists consider
the deepest flaw in Reichenbach’s work to be repaired, namely that
Reichenback has to use three distinct representations to represent
the future-in-the-past (and the future-perfect).

Prior meets Reichenbach
Structure Name
English example
Representation
E–R–S
Pluperfect
I had seen
P(i ∧ Pφ)
E,R–S
Past
I saw
P(i ∧ φ)
R–E–S
Future-in-the-past
I would see
P(i ∧ F φ)
R–S,E
Future-in-the-past
I would see
P(i ∧ F φ)
R–S–E
Future-in-the-past
I would see
P(i ∧ F φ)
E–S,R
Perfect
I have seen
Pφ
S,R,E
Present
I see
φ
S,R–E
Prospective
I am going to see
Fφ
S–E–R
Future perfect
I will have seen
F (i ∧ Pφ)
S,E–R
Future perfect
I will have seen
F (i ∧ Pφ)
E–S–R
Future perfect
I will have seen
F (i ∧ Pφ)
S–R,E
Future
I will see
F (i ∧ φ)
S–R–E
Future-in-the-future (Latin: abiturus ero) F (i ∧ F φ)
Note that the future-in-the-past and the future-perfect have a single
hybrid logic representation that covers all three possible sequences of
points.

Shift and refer
• In essence, we have split tenses up into a ‘shift’ component (Prior’s
analysis) and a ‘refer’ component (Reichenbach’s analysis) in a
simple language.
• That is, the basically analysis is:
SHIFTER(RESTRICTOR ∧ MATRIX)
• It seems that iterations of this basic pattern are typical of natural
language tenses — and hybrid logic is perfect for capturing such
patterns.
• For example,“I shall have been going to see John” can be
represented as F (i ∧ P(j ∧ F (I-see-john))).
• For a full discussion, see: “Reichenbach, Prior and hybrid tense
logic”, Patrick Blackburn and Klaus Frovin Jørgensen Synthese,
193(11), pp.3677–3689, 2016.

So where are we going in today’s talk?

• Develop Prior’s strong hybrid languages — from a modern
perspective, and using modern notation.
• Discuss why Prior was interested in hybrid logic (and how his
perspective differs from the modern perspective) and the
philosophical difficulty hybrid logic lead him to.
• Present a modern perspective on some of the issues this raises
and round off the discusssion.

Two new ingredients

Prior took his creation, tense logic and added:
• Nominals;
• The global modality (or universal modality);
• Binding nominal (state variables) with ∀ and ∃.
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Nominals
We know a lot about these already, but some comments are in
order:
• Terminology: Prior called these “world propositions”, or
“world-state propositions” or “world variables”.
• Prior asked what they were. He tried various answers, such as
“the (infinite) conjunction of all the information at a world”.
He seems to have felt that they “embodied a description”.
• I prefer a Kripke/Kaplan or even Kampian account — that’s
the natural way to think about tableau rules, the introduction
of new nominals in analyses of text, and downarrow. Labelling
ain’t cheating!

Aside: the Q operator

Sometimes Prior works with an alternative to nominals — the Q
operator.
Qφ is true at any point in any model iff there is a unique point in
the model where φ is true.
So if we write Qp we have in effect turned the propositional
variable p into a nominal.

The Global modality or Universal modality
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The Global modality or Universal modality

Diamond form:
E ϕ means ϕ is true at some point in the model
Box form:
Aϕ means ϕ is true at all points in the model

Useful from an applied perspective

This modality can be useful in all sorts of ways. For example, a
description logician would say that it “internalizes the TBox”. We
can now say things like
A(cats → animals).
A computer scientist might observe that we can now specify things
like:
A(demonActivated → printerReady).
But that’s not why Prior was interested in it . . .
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Global modality gives us @

We have:
@i ϕ =def E (i ∧ ϕ)

Alternatively:
@i ϕ =def A(i → ϕ)

In short, @ can be thought of as a guarded form of the global
modality.

Aside : Global modality or primitive @?
• Basic hybrid logic is PSPACE complete.
• Adding E to orthodox modal logic gives us an EXPTIME
complete system (Hemaspaandra), even if no nominals are
added.
• That said, E can be nice to have around (for example, in
description logic type applications) and its a standard tool in
modern hybrid logic.
• Incidentally, though it smashes locality wide open, E is a
beautifully behaved modality, largely because it is, in curious
way, internal. See Chapter 7 of “Modal logic”, by Blackburn,
de Rijke and Venema, Cambridge University Press, 2001.
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Binding with ∀ and ∃

But the choice between A and @ fades into insignificance, for we
now reach the heart of Prior’s system — full classical
quantification over nominals.
∃x@x 3x
(Somewhere in the model there is a reflexive point.)
∀x∀y (@x 3y ∨ @x y ∨ @y 3x)
(Trichotomy: given any two points in the model, either they are
related or they are equal.)

Syntax

• Choose a denumerably infinite set SVAR = {x, y , z. . . .}, the
set of state variables, disjoint from PROP, NOM and MOD.
• The strong hybrid language (over PROP, NOM, MOD and
SVAR) is defined as follows:
WFF := x | i | p | ¬ϕ | ϕ ∧ ψ | ϕ ∨ ψ
| ϕ → ψ | hmi ϕ | [m] ϕ | E ϕ | ∃xϕ
• We define ∀xϕ to be ¬∃x¬ϕ. We define @i ϕ to be E (i ∧ ϕ).

Satisfaction definition

M, g , w

x

iff

w = g (x) where x ∈ SVAR

M, g , w

Eϕ

iff

∃w 0 (M, g , w 0

M, g , w

∃x.ϕ

iff

M, g 0 , w

ϕ)
x

ϕ, where g 0 ∼ g .

The third clause gives the obvious “classical” definition to ∃: we
simply rebind x to some state in a model. (As before, he notation
x
g 0 ∼ g means that g 0 is the assignment that differs from g , if at
all, only in what it assigns to x.)
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In terms of expressivity, where are we?

For a start, we have ↓:
↓ x.ϕ =def

∃x(x ∧ ϕ).

So the new binders are at least as strong as ↓. Note that ↓ is
essentially a guarded form of ∃.
The examples on the previous slide show that the new language is
strictly stronger, as sentences in the downarrow language are
invariant under generated submodels.
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The Hybrid translation

Indeed, we now have the expressive power needed to capture the
entire first-order temporal language:
HT (xRy )
HT (Px)
HT (x = y )
HT (¬ϕ)
HT (ϕ ∧ ψ)
HT (∃v ϕ)
HT (∀v ϕ)

=
=
=
=
=
=
=

@x 3y
@x p
@x y
¬HT (ϕ)
HT (ϕ) ∧ HT (ψ)
∃vHT (ϕ)
∀vHT (ϕ).

(This translation was known to Prior in the mid 1960s.)

Note: @ is needed for first-order expressivity

• Without @, we do not have full first-order logic.
• In fact, ∃ is “nearly local”. When @ is dropped form the
language, formulas are preserved under “generated submodels
+ extra point”. (see “Hybrid Languages”, Patrick Blackburn
and Jerry Seligman, Journal of Logic, Language and
Information, 4(3), pp. 251-272,1995).
• That is, in the strong hybrid logic, classical quantification is
“factored” a “binding” step, and “carry out evaluation step”.

Why is @ (or E ) is needed for first-order expressivity . . . ?

Here’s an example. Without @ we cannot see the difference
between these two models. The blue one:
0 < 1 < 2 < 3 < 4 < 5 < 6 < 7 < 8 < ···
0 < 1 < 2 < 3 < 4 < 5 < 6 < 7 < 8 < ···
And the red one:
∗
0 < 1 < 2 < 3 < 4 < 5 < 6 < 7 < 8 < ···

Moreover ↓ +E yield first-order expressivity

Moreover ↓ +E yield first-order expressivity

We have:
∃xϕ =def ↓ y .E ↓ x.E (y ∧ ϕ)
(Here y does not occur in ϕ.)

How interesting is Prior’s strong language?
• Because it is essentially a notational variant of the
correspondence language, there’s nothing much to learn about
it’s meta-theory: we can “read off” the results we need from
first-order logic.
• However it differs in subtle ways, and this is sometimes useful
in analyzing weaker hybrid languages. So to speak — the
“shape” of the Strong Priorean language is slightly different
from the usual correspondence language, and for some
purposes this can be useful.
• Nonetheless, the history of hybrid logic since Prior’s time is
how to make the idea of nominals, and shifting points of
evaluation, and binding names to states work in weaker logics.
This eventually lead to the basic hybrid language and ↓.

But why did Prior explore hybrid logic?
• He was influenced by tense in natural language. And he
believed that the modal perspective with its internal view
captured the way we experience time.
• But his was not a modern natural language semantics
perspective — his interest in semantic problems was
principally a way into philosophical issues.
• For example, as we have mentioned, he did not see that
nominals allowed a reconciliation between his views and
Reichenbach’s semantic views.
• Rather, his interest in hybrid logic was driven by his
fundamental philosophical conviction concerning time and
tense.. . .

A series and B series

A series: The flow of time from past, through present, to future.
Internal. Situated. Arguably the way we experience time. Tense
logic was intended to reflect its structure.
B series: Time as a set of instants ordered by <. External.
Eternal. Arguably not the way we experience time. First-order
logic (the correspondence language) is the tool for describing it.

Why didn’t Prior like B series talk?

Two reasons:
• He thought the external perspective it relied simply did not
reflect the way we experience time. Only a language that
captured the internal perspective could do this.
• Commits us to an ontology of instants. Prior found instants
dubious.
Modern hybrid logic (indeed modern modal logic) shares Prior’s
appreciation of the internal perspective. But it comes with no
built-in ontological prejudices: models (graphs) are viewed as a
playground for ontological experimentation.

Logic not model theoretic for Prior
It’s worth stressing that Prior’s view of logic is very different from
the one now regarded as standard. It’s not model theoretic.
• Logic for Prior was the ground floor. A “model theoretic
semantics” for a language was at best a useful heuristic.
Tense logic was conceived semantically, but required no —
indeed could have no — genuine conceptual underpinnings.
• This view of logic reasonably common: Frege, (Quine?),
Martin Löf type theorists.
• But it is diametrically opposed to stance taken in
contemporary hybrid (and modal, and description) logic.
Remember the slogans we started with!

Problem: Tense Logic too weak

• Unfortunately, as Prior was well aware, tense logic (the
A-series language) is weaker that the B-series language (the
first-order correspondence language). (As we now know, it
only gives us the bisimulation invariant fragment of the
first-order correspondence language.)
• This was unacceptable — Prior believed that A-series talk
should be able to ground B-series talk. That is, he wanted an
A-series language strong enough to swallow all of B-series talk.
• What to do?

Strong hybrid logic

• Prior hybridized. He added nominals, the universal modality,
and allowed quantification across nominals, creating the
strong hybrid language we have just discussed.
• And he gave the hybrid translation — thereby showing that
B-series talk was reducible to A-series talk.
• Was globality an issue? Yes, but Prior thought he had solved
this satisfactorily. For example, over realistic models of time,
A is definable in terms of the tense operators (he called this
fourth grade tense logic).

Moreover no more instants. . .
And hybridization offered more:
. . . a world-state proposition in the tense-logical sense is
simply index of an instant; indeed, I would like to say that
it is an instant in the only sense in which ‘instants’ are not
highly fictitious entities (PTT page 188).
• That is, temporal ontology has been banished: only
propositions remain.
• In many respects, his is an attractive and curiously modern
view, with echos of situation theory. It is instructive to read
Prior, and consciously substitute the word “information” for
“proposition”.

Great — so what’s the problem?

Great — so what’s the problem?

• As Prior soon realized, however, you could talk about anything
in this new language (as we have seen throughout the course).

Great — so what’s the problem?

• As Prior soon realized, however, you could talk about anything
in this new language (as we have seen throughout the course).
• For example it could be used to reason about people and their
properties and relations. (Prior actually discusses that —
arguably he was the first person to do description logic. )

Great — so what’s the problem?

• As Prior soon realized, however, you could talk about anything
in this new language (as we have seen throughout the course).
• For example it could be used to reason about people and their
properties and relations. (Prior actually discusses that —
arguably he was the first person to do description logic. )
• So not only temporal talk could be reduced to hybrid logic,
any kind of first order discourse could be.
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• As Prior soon realized, however, you could talk about anything
in this new language (as we have seen throughout the course).
• For example it could be used to reason about people and their
properties and relations. (Prior actually discusses that —
arguably he was the first person to do description logic. )
• So not only temporal talk could be reduced to hybrid logic,
any kind of first order discourse could be.
• But Prior had wanted to draw a fundamental distinction
between the two modes of discourse. Suddenly nothing
remains of this — Prior’s nightmare.

What to do?

In papers of time and tense he explores two options. Here’s the
first:
Philosophically where do we go from here? We could turn
the tables on the objectors to tense logic by saying that
only are ‘instants’ not genuine individuals there no genuine
individuals, only certain propositions that can be formally
treated as if they they were individuals. [PTT, page 141]
Interesting, and rhetorically attractive (“embrace the nightmare”)
— but as Prior remarks, most people would probably find this
unpalatable. And anyway it doesn’t solve his problem as it fails to
draw a distinction.

Or this
So far as I can see, there is nothing philosophically disreputable in saying that (i) persona just are genuine individuals, so that their figuring as individuals in a first-order
theory needs no explaining (this first-order theory being,
on the contrary, the only way of giving sense to its ‘modal’
counterpart), whereas (ii) instants are not genuine individuals, so that their figuring as values of individual variables does need explaining, and it the related ‘modal logic’
(tense logic) which gives the first-order logic what sense it
has. [PTT, page 142]
In Papers on Time and Tense he does not get much farther than
outlining the options.

Worlds, Times and Selves (I)

Logicians have tended to welcome the presentation of
modal logic as an artificially truncated bit of predicate calculus because we know all about predicate calculus, or at
all events know an enormous lot about it, whereas modality
is a comparatively obscure and unfamiliar field. And even
philosophically, it might be said, it is in general pretty clear
what is going on in predicate calculus, but not very clear
what is going on in modal logic or even tense logic. [WTS
page 56.]

Worlds, Times and Selves (II)
It is not as simple as this. What we can do with firstorder predicate logic in toto is indeed plain enough; but
its uniform monadic fragment? Formally, this fragment
is no doubt of some interest; for example, unlike the full
first-order predicate calculus it is decidable. But what is its
philosophical interest? The question, I think partly boils
down to this one: What would a philosphically privileged
individual be? And to this question, modal and tense logic
possibly provide an answer. It is not that modal logic or
tense logic is an artifically truncated uniform monadic firstorder predicate calculus; the later, rather, is artificiallly
expanded modal or tense logic.

Worlds, Times and Selves (III)

Other interesting answer sketches in WTS — but nothing
conclusive.
A great deal of effort devoted to constructing various formal
systems, and comparing them — but rather little philosophical
discussion in the fragments we have of it.

What can we say from a modern perspective?

• Key difference is the primacy of model theoretic perspective.
• The Amsterdam perspective on modal logic (including hybrid
logic) is that we are engaged in an enterprise of exploring
fragments of (usually classical) logic from a model theoretic
perspective.
• Modal logics are not isolated formal systems. Indeed the goal
is to find alternative ways of talking about relational
structures, and natural sublogics.
• But why is this model theoretic perspective interesting?

Logic returning to its roots
• Antiquity to late 19th century: logic firmly linked to language,
knowledge, and cognition. A tool for exploring such issues.
• 20th century. Logic becomes mathematical, and is applied in
various branches of mathematics.
• Recent developments: Logics for knowledge representation,
logics for natural language semantics, logics for computation
...
• Logic returning to it roots — but stronger than ever. Turned
into a genuinely useful tool because of the 20th century
mathematical turn.
• And arguably the model-theoretic perspective is the key.

Logic the Janus-faced science
• Key insight: to think about language, and representational
issues, we need to make two abstractions: ontology (models
do this for us) and language (we have a choice of how to talk
about structures.
• Models an appropriate level for thinking about “softer”
problems, such as those from natural language semantics and
knowledge representations. (We often don’t know much more
than that we are dealing with graph-like entities.)
• We then have the chance to explore the variety of ways in
which we can talk about, and reason about, such structures
— and hopefully we can find ways of doing so that are well
behaved mathematically and accord with our intuitions about
various problems. Classic example: “Logic of Time”, by Johan
van Benthem.

So what was Prior’s contribution?

• Modern modal logic a valuable tool for the reasons discussed
in the first lecture.
• Prior’s insight was that formulas could be used as terms. We
do not need to stick to the traditional logical categories when
engaged in applied logic.
• Ultimately, this has showed us how to cut the cake of
expressivity along very different lines. There are more
interesting options for talking about relational structures than
hitherto expected. We have a larger playground.

Arguably useful
• Naming using formulas corresponds naturally to design
choices made in fields unaware that they were doing modal
logic, such as feature logic and description logic.
• Allows a unification of seemingly incompatible views: Prior
and Reichenbach not only can live together, arguably they
should.
• Indeed, they can live happily together with Kaplan and Kamp
too: all this fits together nicely with a theory of indexicals:
see “Tense, Temporal Reference, and Tense Logic”, Patrick
Blackburn, Journal of Semantics, 1994 and “Contextual
validity in hybrid logic”, Patrick Blackburn and Klaus Frovin
Jørgensen, International and Interdisciplinary Conference on
Modeling and Using Context, 2013.

What time is it....?

It’s now!

Indexical words

• Words like I, you, here, now, yesterday, today, tomorrow....
I’m particularly interested in the temporal ones.
• Clearly contextually situated, in rich and predictable ways.
• And support validities: I am here now.
• But they don’t fit cleanly with tense-logic: although I am here
now is valid, we (sadly) cannot conclude G I am here now.
• That is, we are dealing with (at least) two notions of validity,
one more logical, one more contextual. How are they to be
modelled?

Kamp’s semantics for now

• Kamp’s semantics for his Now operator N was the birthplace
of two-dimensional modal logic.
• His idea: we evaluate formulas at time/utterance-time pairs.
The N operator tracks the utterance coordinate
• Reference to context: to evaluate Nφ we jump to now and
evaluate φ there.
• A 2D-semantics — but an extremely weak one. Indeed Kamp
showed that N was (in a certain sense) eliminable in the
propositional, though not in the first-order, case.

Subsequent history
• Kamp’s N was soon matched by Vlach’s T (then) operator, a
move which was generalized in all sorts of ways.
• Key paper by Segerberg introduced a logic with powerful set
of abstract 2D manipulating operators.
• This in turn lead to general 2D logic, and the idea of product
logics, and arrow logics and the link with algebraic logics.
• Applications include dynamic semantics (Stalnaker) and
Lambek calculus and other substructural logics. Currently
widely discussed in Philosophy of Language and Mind
(Chalmers).
• All fertile fields, but all very far — conceptually and
technically — from what I will talk about here.

Taking the 2D out of temporal indexicals. . .

• The path explored here pulls us out of the 2D setting. We put
temporal reference in the driving seat.
• The hybrid approach is simple. As we have seen, Kamp’s Now
operator is a jump-to-the-utterance time operator. Very well
then. Make two simple extensions to hybrid tense logic:
• Semantically, let our models contain a special distinguished
time, the utterance time, now. So M = (W , n, R, V ).
• Syntactically, introduce a special distinguished nominal, now ,
and insist that it names n.
• Pretty clearly, @now is Kamp’s Now operator — jumps to the
utterance time and evaluates there.

Logic of now

• The main insight of Kamp is that there are two levels of logic.
The ordinary logical level of validity, and the contextual level
(the “I am here now” level).
• We have ordinary logical validity: valid at all points in all
models.
• But we also have contextual validity: valid at n in all models.
• All logical validities are contextual validities, but not vice
versa.
• In particular, now is contextually valid, but not logically valid.

How it works. . .

• Basic lemma: now can always be eliminated in favour of a
regular nominal. Upshot: your favourite hybrid logical proof
system gives you all the logical completeness results you want.

How it works. . .

• Basic lemma: now can always be eliminated in favour of a
regular nominal. Upshot: your favourite hybrid logical proof
system gives you all the logical completeness results you want.
• You get contextual completeness by saying Now. . .
• Tableaux: φ contextually valid iff there is a closed tableaux
starting with @i ¬φ and @i now
• Hilbert: Add rule if ` @now φ then ` φ. Restriction: this rule
(which we call Kamp’s Rule) can only be used once, as the
very last step in a proof.

Yesterday, today and tomorrow

Moreover, the hybrid approach leads to a natural treatment of
yesterday, today and tomorrow:
• The basic idea is to add special new propositional symbols
yesterday, today, and tomorrow.
• That is, we add more sorting. A new kind of “nominal”, an
“interval nominal” if you like.
• We want P(yesterday ∧ Tini-marry) to represent Tini got
married yesterday. Note: Shift and Refer again.
• And we want P(tomorrow ∧ Tini-marry) to represent Tini got
married tomorrow. And we want it to be unsatisfiable.

Character
We interpret these symbols via Kaplan-style character functions.

These axioms are all logically valid

Now Placement
now → today
yester → F now
tomor → Pnow
Convexity
Pyester ∧ F yester → yester
Ptoday ∧ F today → today
Ptomor ∧ F tomor → tomor
One Step Alignment
today → G ¬yester
tomor → G ¬today

Disjointness
today → ¬tomor
today → ¬yester
yester → ¬tomor
No Gaps
Pyester ∧ F today → yester ∨ today
Ptoday ∧ F tomor → today ∨ tomor

Two Step Alignment
tomor → G ¬yester

Now think what happens when we say “Now!”

Now Placement
now → today
yester → F now
tomor → Pnow
Convexity
Pyester ∧ F yester → yester
Ptoday ∧ F today → today
Ptomor ∧ F tomor → tomor
One Step Alignment
today → G ¬yester
tomor → G ¬today

Disjointness
today → ¬tomor
today → ¬yester
yester → ¬tomor
No Gaps
Pyester ∧ F today → yester ∨ today
Ptoday ∧ F tomor → today ∨ tomor

Two Step Alignment
tomor → G ¬yester

This works

Because of the good deductive/definability of pure axioms, what
we have presented is very general.
• We are not restricted to Priorean tense logic. Go to interval
logic, add interval operators, things still work.
• Indeed, the good behaviour extends to first-order hybrid logic:
again, the machinery works.
• The point is: Now acts as a simple bridge between the
ordinary logical level and the contextual level.

Tomorrow and Tomorrow and Tomorrow. . .
• Where next? Well, back into yesterday for one thing. Some
interesting historical reconstruction on Prior to do. . .
• But back to the future. Integrating and extending the insights from
Kaplan’s Logic of Demonstratives is one goal: adding non-temporal
indexicals such as I, you, here.
• And combining this with with rather more sophisticated temporal
modelling (events fibered over intervals) is another.
• Because of the ease of obtaining completeness theorems with the
help of named models (even in the setting of first-order hybrid logic)
experimentation should be relatively easy.
• Will we see the return of a more full blooded two-dimensionality?
Or will reference via hybridization succeed in carrying the flag?

Arthur Prior, 1914-1969

And back to the person who started it all — and (unwillingly)
came to realize that you could do a lot more modal logic than
people thought; see “Arthur Prior and Hybrid Logic”, by Patrick
Blackburn, Synthese, 150, 329–372, 2006.
Also, the forthcoming PhD thesis of Julie Lundbak Kofod.

