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Epistemic spaces and plausibility orders

An epistemic space is S = (S,O), where S a set of possible worlds, and O ⊆ P(S) the
set of observations. Both S and O are at most countable.

A plausibility space is B = (S,O,�), where � ⊆ S × S is a plausibility preorder (a
reflexive and transitive binary relation) on S .

We write s ≺ t iff s � t and t 6� s; (s, t) ∈ � (or s � t) means that s at least as
plausible as t (an arrow from t to s).

Given S = (S,O), BS = {(S ,O,�) | � is a preorder on S}.



Knowledge and belief

Let B = (S,O,�) be a plausibility space, and let p ∈ O.

BS |= Kp iff S ⊆ p

min(B) = {s ∈ S | there is no t ∈ S, s.t. (t, s) ∈ ≺}.

BS |= Bp iff min�S ⊆ p

In other words, the set of �-minimal possible worlds determines agent’s beliefs.

In case S is countably infinite and � is non-well-founded, we have two choices:

1. define a limiting notion of belief: BS |= Bp iff ∃w ∀u � w u ∈ p;

2. set belief to be a partial function (if no minimum, belief is undefined).



Observations and data streams

For any s ∈ S, Os = {O ∈ O | s ∈ O} is the set of observations true in s.
We assume that for any s, t ∈ S if s 6= t, then Os 6= Ot .

A stream of observations ε is an infinite sequence of elements of O.
Let n ∈ N:

I ε[n] is an initial segment of ε of length n + 1;

I εn is the n-th element of ε;

I set(ε) is the set of elements enumerated in ε.

A stream ε is sound for s if set(ε) ⊆ Os and it is complete for s if Os ⊆ set(ε).



Belief revision methods

A one-step revision method is a function R1, which on the input of a plausibility space
and an observation outputs a new, revised, plausibility space.

Definition
I Cond1((S ,O,�),O) = (S ′,OS′

,�S′
), where S ′ = S ∩ O,

OS′
= {O ∩ S ′ | O ∈ O} and �S′

= � ∩ (S ′×S ′);

I Lex1((S ,O,�),O) = (S ,O,�′), where (s, t) ∈ �′ if one of the following

conditions holds: (s, t) ∈ �O , (s, t) ∈ �O or (s ∈ O and t /∈ O);

I Mini1((S ,O,�),O) = (S ,O,�′), where �′ is s.t.: if s ∈ min(�)and t /∈ min(�)
then (s, t) ∈ �′, and (s, t) ∈ �′ iff (s, t) ∈ �, otherwise.

We iterate revision methods: R(B, σ ∗ O) := R1(R(B, σ),O), for
R ∈ {Cond, Lex,Mini}.



Learners

A learner is a function L((S ,O), σ) ⊆ S .

I L learns s ∈ S if for any ε sound and complete for s, there is a k ∈ N such that
for all n ≥ k, L(S, ε[n]) = {s}.

I L learns S if it learns all s ∈ S .

I S is learnable if there is an L that learns it.

L is universal if it can learn any epistemic space that is learnable (by any learning
function).

Given a revision method R and a plausibility �, a revision-based learner is

L�R ((S,O), σ) = min(R((S,O,�), σ)).

S = (S,O) is learnable by R if there is a � on S s.t. L�R learns S.



Universality results

Definition
L is universal if it can learn every epistemic space that is learnable.

Conditioning Lexicographic Minimal

Positive Streams YES YES NO

Occamist plausibility preorder �occ is the so-called specialisation preorder:

(s, t) ∈ �occ iff Os ⊆ Ot .

Theorem
Minimal revision is not universal.

Theorem
There is no universal belief-revision method under well-foundedness.

A. Baltag, N. Gierasimczuk, S. Smets. Truth tracking by belief revision. Studia Logica 2019.
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Why Collective Truth-Tracking?

I Belief revision models how agents update beliefs in response to new data.

I Classical accounts are based on rationality postulates

(e.g., consistency after revision).

A complementary perspective:

Does revision lead to truth-learning?

Conditioning and lexicographic revision are truth-tracking in single-agent ideal setup.

In practice, learning is distributed:

I multiple agents,

I partial and heterogeneous information,

I need for aggregation.

Main question:

When do groups of agents collectively track the truth, and which belief-merging
methods preserve individual learning power?



Outline of the multi-agent setting

Take finitely many agents, 1..n, and a plausibility space (S ,O,�), with a designated
actual world, s ∈ S.

Each agent preforms their individual inquiry by receiving information from a separate
data stream. These individual streams, while individually sound for s, are not
necessarily (individually) complete for s. However, taken together the information is
complete for s, i.e., the sum of the contents of all of the streams is the set of all and
only true observations at s.

A data profile is Σ = (ε1..εn) (inputs to each of the n agents individually).

As before, Σ[k] = (ε1[k]..εn[k]), Σk = (εk1 ..ε
k
n), set(Σ) =

⋃n
i=1 set(εi ).

At each stage of their individual inquiry, their plausibility spaces are merged, by some
plausibility merge function.



Collective Revision

A collective version R of the single-agent revision method R on E and Σ at step k is
defined as follows:

R(E ,Σ[k]) = R((B1..Bn), (ε1[k]..εn[k])) = (R(B1, ε1[k])..R(Bn, εn[k]).

Our learners are homogenous (all agents apply the same revision)
and synchronous (all agent apply their updates at the same discrete pace).



Plausibility merge

A plausibility merge is a function f that on the input of finitely many plausibility
spaces outputs a new (plausibility) space.

E = (B1..Bn) denotes a plausibility profile that represents plausibility spaces of our n
agents.

I knowledge-intersection merge given by f K∩(E) = (
⋂n

i=1 Si ,OS′
,�S′

).

I plausibility-intersection merge given by f P∩(E) = (S,O,
⋂n

i=1�i ).

I majority merge given by f maj (E) = (S ,O,maj), where (s, t) ∈ maj if (s, t) ∈ �i

for majority of plausibility spaces in E .



Collective Learners

A collective learner is L(S,Σ[k]) ⊆ S .
A data profile Σ is sound and complete for s ∈ S iff

⋃n
i=1 set(εi ) = Os .

Collective learner L learns s ∈ S if for every Σ sound and complete for s, there is a
k ∈ N, such that for all n ≥ k, L(S,Σ[n]) = {s}.

Merge f is applied to outputs of R yielding a ‘joint plausibility space’, which can be
inspected for minimal elements that give a (collective) conjecture.

A collective learner based on f , R and � is

L�R,f ((S ,O),Σ[k]) = min(f (R((S,O,�),Σ[k]))).

Collective revision R and merge f learn S, if there is a prior �, such that L�R,f learns S.



Conditioning and intersection merge

Conditioning with a sequence of observations can be replaced by conditioning with a
single observation: a conjunction (intersection) of the elements of σ.

Lemma
Let Σ = (σ1..σn) be a data profile consisting of n data sequences, and let σ be a data
sequence such that

⋃n
i=1 set(σi ) = set(σ) (i.e., the profile and the sequence

enumerate the same set of data). Then we have that

f K∩(Cond((S ,O,�),Σ)) = Cond((S ,O,�), σ).

Proposition
The collective learner L based on Cond and f K∩ collectively learns (S,O,�) if and
only if the learner L based on Cond learns (S,O,�).



Collective learning with lexicographic revision: f P∩?

I S = {s, t}
I O = {p, q}, with p = {s, t}, q = {s}
I � = {(t, s), (s, s), (t, t)}

t s

q
p

First note that single-agent Lex learns (S ,O) on � (which is Occam).

Take sound and complete for s data profile Σ = (ε1, ε2) such that:

I set(ε1) = {p, q};
I set(ε2) = {p}.

From some k on:

Lex(�, ε1[k]) = {(s, t), (s, s), (t, t)} = BS1, and

Lex(�, ε2[k]) = {(t, s), (s, s), (t, t)} = BS2.

f P∩(BS1,BS2) = {(s, s), (t, t)} does not single out one most plausible world.

So, L�Lex,P∩ does not learn (S,O).



Collective learning with lexicographic revision: f maj?

I S = {s, t}
I O = {p, q}, with p = {s, t}, q = {s}
I � = {(t, s), (s, s), (t, t)}
I set(ε1) = {p, q}
I set(ε2) = {p}
I set(ε3) = {p}

t s

q
p

The majority of agents (2 and 3) will forever agree that t is more plausible than s.

L�Lex,maj will always output �.

I.e., it wrongly converges to t on a data profile that is sound and complete for s.



Unlike Cond, Lex is not set driven

Proposition
Lex is not set-driven.
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Descendant merge?

Definition
Two worlds s and t are comparable in � if (s, t) ∈ � or (t, s) ∈ �.
A descendant merge is defined in the following way:

f d (�, (�i )i∈{1,...,n}) =
n⋃

i=1

(�i \ �)∪ (1)

{(s, t) ∈ � | s and t are incomparable in
n⋃

i=1

(�i \ �)} (2)

Unlike previously discussed merging methods, apart from the plausibility profile, f d

takes as an input the initial plausibility.

In a sense, descendant merge is a ‘memory-based’ merge method.



Descendant merge

Definition
A descendant merge is defined in the following way:

f d (�, (�i )i∈{1..n}) =
⋃

i∈{1..n}
diff(�,�i ) ∪ (3)

(cons((�i )i∈{1..n}) \ (� ∪ �−1)) ∪ (4)

{(s, s) | s ∈ S} (5)

where:

I diff(�,�i ) = {(s, t) | (s, t) ∈ �i and (t, s) ∈ �};
I cons((�i )i∈{1..n}) = {(s, t) | there is i s.t. (s, t) ∈ �i

and there is no j s.t. (t, s) ∈ �j}.



Collective learning with Lex and f d
Example 1

I S = {s, t}
I O = {p, q}, with p = {s, t}, q = {s}
I � = {(t, s), (s, s), (t, t)}
I set(ε1) = {p, q}
I set(ε2) = {p}

t s

q
p

For the step k ∈ N, such that:

set(ε1[k]) = {p, q} and set(ε2[k]) = {p}.
We get that:

(1) diff(�, Lex(�, ε1[k])) = {(s, t)} and diff(�, Lex(�, ε2[k])) = ∅.
So,

⋃
i∈{1,2} diff(�,�i ) = {(s, t)};

(2) cons((�i )i∈{1..n}) \ (� ∪ �−1) = ∅;
(3) after adding all reflexive pairs, we get a preorder, in which s is the most plausible.

Individual streams can only repeat the previously seen information, so the individual
outcomes and the collective outcome will not change from that point on.



Collective learning with Lex and f d
Example 2

I set(ε1) = {p, q}: ε1[1] = (p, q)

I set(ε2) = {q, r}: ε2[1] = (q, r) s t u

p
q

r

1. Lex(�, p) = �, so diff(�, Lex(�, p)) = ∅;
2. Lex(�, q) = {(t, u), (u, s), (t, s), (s, s), (t, t), (u, u)}, so

diff(�,�′) = {(u, s), (t, s)}.
Together the agents learned: ∅ ∪ {(u, s), (t, s)} = {(u, s), (t, s)}.
They didn’t learn anything new about the relationship between u and t, nor about any
other pairs (since all states were initially comparable).

Hence, f d (�, Lex(�,Σ[0])) = {(u, s), (t, s), (s, s), (t, t), (u, u)}.



Collective learning with Lex and f d
Example 2

I set(ε1) = {p, q}: ε1[1] = (p, q)

I set(ε2) = {q, r}: ε2[1] = (q, r) s t u

p
q

r

1. Lex(�, (p, q)) = {(u, s), (t, s), (t, u), (s, s), (t, t), (u, u)}, so
diff(�, Lex(�, (p, q))) = {(u, s), (t, s)}

2. Lex(�, (q, r)) = �′′ = {(u, t), (u, s), (t, s), (s, s), (t, t), (u, u)}, and so
diff(�,�′′ = {(u, t), (u, s), (t, s)}.

Together they learned {(u, t), (u, s), (t, s)}.
Hence, f d (�, Lex(�,Σ[1])) = {(u, t), (u, s), (t, s), (s, s), (t, t), (u, u)}.
The actual world u is the unique minimal world.

Since the streams can only repeat the previously given information, neither of the sets
of minimal elements of the individual preorders will change at any later stage.



Collective learning with Lex and f d
Example 3
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Example 3, cntd

After the first step, both agents learned that (t, r) and they also learned about a
previously incomparable pair: they both have that (s, r). Hence, the f d at this stage
will output {(t, r), (s, r), (s, s), (t, t), (r , r)}.
In the next step, agent 1 learns (t, s) and (t, r), and (with respect to the initially
incomparable worlds) (r , s). Agent 2 only learned (t, r) and with respect to the
initially incomparable worlds (s, r). At this stage the union of diff-sets for both
agents is {(t, s), (t, r)}. The cons-set is however at this stage empty: the learned
orderings of worlds incomparable according to the original � are opposite for both
agents: (r , s) for agent 1 and (s, r) for agent 2 (red arrows). So, at this stage f d

outputs {(t, s), (t, r), (s, s), (t, t), (r , r)}. The most plausible world is the actual world
t, and the resulting plausibility relation is reflexive and transitive, but not total.



Related work

I Multi-agent belief revision in Dynamic Epistemic Logic [4, 5],

but we currently abstract away from higher-order epistemic interactions.
I Contrast with belief merging and probabilistic truth-tracking approaches:

I Integrity-constrained belief merging [6, 7].
I Truth recovery via Condorcet-style analyses of aggregation operators [8].
I Truthlikeness-based evaluation when truth is excluded by constraints [9].
I Worst-case robustness guarantees for belief fusion [10].

I Symbolic truth-tracking work with non-expert information sources [11, 12] relaxes
the assumption of sound observation streams; use of conditioning and finite
identifiability.



Summary and future work

Summary:

I A general framework for truth-tracking with plausibility revision and merge.

I The role of the interaction between revision and merge.

I Universality of conditioning together with knowledge intersection merge.

I Newly introduced memory-base descendant merge.

I Conjecture about lexicographic revision and the descendant merge.

Future work:

I Universality of Lex and descendant merge.

I Self-correcting streams.

I Relating to distributed computing.

I ...
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Types of bias

We combine revision methods with three kinds of ‘cognitive’ limitations:

I issues with accepting the input;

I issues with perceiving the input;

I issues with access to belief state.

We investigate (theoretically and practically) their impact on truth-tracking.



Simulation Experiments

The procedure

After the random generation of an epistemic space, one of the states, s, is randomly
designated to be the actual world, and a sound and complete data sequence σ for s is
generated. Then a plausibility preorder is randomly generated and each of the (biased)
revision methods is called to identify s on σ.

The simulation

Each series of tests consisted of 200 runs, the plausibility spaces consisted of 5
possible worlds and 12 observables, and the incoming data sequence was always longer
than the number of observables.



Issues with accepting the input (confirmation bias)

Definition
Given an (S ,O), the stubbornness function is D : P(S)→ N.

Definition
RCB is defined in the following way:

RCB(B, λ) = B,

RCB(B, σ ∗ p) =

{
R1(RCB(B, σ), p) if #p(σ) ≥ D(p),

RCB(B, σ) otherwise.

We obtain CondCB , LexCB , MiniCB .



Results

Proposition
Cond, Lex, Mini are strictly more powerful than CondCB , LexCB , MiniCB .

Corollary
CondCB and LexCB are not universal.



Issues with perceiving the input (framing bias)

Definition
Given (S,O), the framing function is FR : O → P(S).

Definition (Framing-bias methods)
We define a framing-biased method in the following way:

RFR(B, λ) = B,

RFR(B, σ ∗ p) = R1(RFR(B, σ), x), such that x ∈ FR(p).

We obtain CondFR , LexFR , MiniFR .



Results

Proposition
CondFR and LexFR are not universal.

Proposition
Mini is strictly more powerful than MiniFR .

Proposition
LexFR is universal on fairly framed streams.



Issues with access to belief state (anchoring bias)

Definition (Anchoring-bias methods)
We define anchoring-biased method in the following way: after receiving p they
‘choose’ the best world satisfying p. If there are minimal several worlds that are
equi-plausible, the method picks one at random.

Additionally, a resource parameter (a real between 0 and 100) halves each time a
revision takes place, and the process terminates when resource is depleted (< 1).



Results

Proposition
CondAB , LexAB are not universal.

Anchoring ability to select a random world as the candidate for the actual world
improves the truth-tracking capability, especially in the case of minimal revision.
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