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Algorithmic Problems in Propositional Logic 

 The Model Checking Problem (Formula Evaluation Problem): 
     Given a propositional formula ϕ and a truth assignment s, does s satisfy ϕ?  
     Fact:  The Model Checking Problem is in P.  

 
 The Satisfiability Problem: 
     Given a propositional formula ϕ, is it satisfiable? 
     Fact: The Satisfiability Problem is NP-complete 
     Reason: It is in NP, and a special case of it (namely, SAT) is NP-complete. 

 
 The Tautology Problem: 
     Given a propositional formula ϕ, is it a tautology? 
     Fact: The Tautology Problem is coNP-complete. 
     Reason:  ϕ is a tautology if and only if (: ϕ) is unsatisfiable. 
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Resolution in Propositional Logic 

 The Resolution Method is a proof system for proving all 
tautologies of propositional logic. 
 

 The Davis-Putnam Procedure is a widely used heuristic 
    algorithm for the satisfiability problem  
    (hence also for the tautology problem). 

 
 The Resolution Method and the Davis-Putnam procedure are 

intimately related. 
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Resolvents 

Definition: Let C, D, and R be three clauses. We say that R is  a  
resolvent of C and D if there is a literal L such that 
 L 2 C, L’ 2 D, and R = (C – {L}) [ (D – {L’}). 

 This is often denoted as a rule (the resolution rule): 
     
      C* [ {L}, D* [ {L’} 
     _________________ 
              C* [ D* 

 
Examples:  

 {: P, Q}, {P, R}                          {P, : Q, R}, {: P, S, T}                      
    ______________                         ____________________ 
        {Q, R}                                            {: Q, R, S, T} 
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The Resolution Operator 

Definition: 
 The resolution operator is the function Res that, when applied 

to a set F of clauses, returns the set Res(F) of clauses, where 
    Res(F) = F [ { R: R is a resolvent of two clauses of F }. 
 Res*(F) is the result of applying Res repeatedly. More 

formally, 
 Res0(F)    =  F 
 Resn+1(F) =  Res(Resn(F)) 
 Res*(F)   =  [n ¸ 0Resn(F) 

Note:  
 F = Res0(F) µ Res1(F) µ …µ Resn(F) µ Resn+1(F) µ … 
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Resolution Derivation 

Definition: Let F be a set of clauses.  
A resolution derivation from F is a finite sequence C1, C2, …, Cn 
of clauses such that  
 each Ci is a member of F  

or  
 Ci is a resolvent of two earlier clauses in the sequence. 

 
Example: F = { {P, Q, T}, {: P, Q, T}, {: Q, T} } 
1. {P, Q, T}        in F 
2. {: P, Q, T}     in F 
3. {Q,T}             resolvent of 1. and 2. 
4. {: Q, T}         in F 
5. {T}                resolvent of 3. and 4. 
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The Resolution Theorem 

Resolution Theorem (J.A. Robinson – 1965) 
Let F be a finite set of clauses. Then the following are equivalent: 
1. F is unsatisfiable 
2. { } 2 Res*(F) 
3. There is a resolution derivation of { } from F. 
 
Proof: 
 2. ⇔ 3.  is easy (and was discussed earlier). 
 2.  ) 1.  is the “soundness” of the resolution method. 
 1.  ) 2.  is the “completeness” of the resolution method. 
 
Note:  In general, proving “completeness” is harder than proving  
“correctness”. 
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The Resolution Theorem – Proof Summary 

Resolution Theorem (J.A. Robinson – 1965) 
Let F be a finite set of clauses. Then the following are 
equivalent: 
1. F is unsatisfiable 
2. { } 2 Res*(F) 
3. There is a resolution derivation of { } from F. 
Proof: 
2.  ) 1.  “Soundness”  
Key ingredient: Resolution Lemma. 
1.  )  2. “Completeness”  
Key ingredients: Splitting Lemma + Strong Induction. 
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The Resolution Theorem – Proof Summary 

Resolution Theorem (J.A. Robinson – 1965) 
Let F be an arbitrary set of clauses. Then the following are 
equivalent: 
1. F is unsatisfiable 
2. { } 2 Res*(F) 
3. There is a resolution derivation of { } from F. 
Proof: 
2.  ) 1.  “Soundness”  
Key ingredient: Resolution Lemma. 
1.  )  2. “Completeness”  
Resolution Theorem for finite sets + Compactness Theorem. 
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Resolution as an Algorithm for SAT 
 
Resolution Algorithm I: 
Given a CNF-formula ϕ: 

 Compute Res*(ϕ), where ϕ is viewed as a finite set of 
clauses. 
 If { } is not in Res*(ϕ), then  { } is satisfiable. 
 If { } is in Res*(ϕ), then { } is unsatisfiable. 

 
Fact: 
 In the worst case, Resolution Algorithm I may require 

exponentially many steps (more on this later). 
 However, Resolution Algorithm I runs in polynomial time in an 

important special case. 
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Resolution and 2SAT 

Theorem: (Krom – 1967) 
Resolution Algorithm I is a polynomial-time algorithm for 2SAT. 
Proof:   

 Resolution Algorithm I is an algorithm for 2SAT since it is an 
algorithm for SAT. 

 Resolution Algorithm I is a polynomial-time algorithm for 2SAT, 
because  
 Every resolvent of two clauses of size at most 2 is a clause of 

size at most 2. Hence, Res*(ϕ) consists of sets of clauses of 
size at most 2. 

 If a 2CNF-formula ϕ has k propositional variables, then there 
are O(k2) clauses of size at most 2. Hence, the computation of 
Res*(ϕ) terminates within O(k2) = O(|ϕ|2) steps. 
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Computational Complexity of 2SAT 

 Recall that LOGSPACE µ NLOGSPACE µ P µ NP µ PSPACE. 
 Recall also that NLOGSPACE = coNLOGSPACE  
    (Immerman -  Szelepcsényi Theorem) 
 
Fact:  PATH is NLOGSPACE-complete, where  
PATH is the following decision problem: 
Given a directed graph G = (V,E) and two nodes s and t in V, is  
there a path from s to t along the edges of G?  
(in symbols: does PATH(G,s,t) hold?) 
 
Theorem: 2SAT is NLOGSPACE-complete. 
Proof: We will show that 
 2SAT is in NLOGSPACE 
 PATH ¹log 2SAT. 



13 

Complexity of Satisfiability and its Variants 

Problem Computational Complexity 

SAT NP-complete 

3SAT NP-complete 

1-in-3 SAT NP-complete 

2SAT NLOGSPACE-complete (hence in P) 
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Worst-Case Behavior of the Resolution Algorithm 

The Pigeonhole Principle P(n):  
If n+1 letters are placed into n mailboxes, then one of these mailboxes 
will have at least two letters. 
 
Fact: The Pigeonhole Principle P(n) can be “expressed” in propositional logic: 

 Introduce propositional variable Pij, 1·  i · n+1, 1 · j · n.  
     Intuitively, Pij is true means that  letter i is placed in mailbox j. 
 Let Fn be the set consisting of the following clauses 

 { Pi1, …, Pin }, for 1· i· n+1      (every letter is placed in a mailbox) 
 { : Pik, : Pjk }, for i≠j and 1· k· n  (no mailbox gets two letters) 

 Fn is an unsatisfiable set of clauses, for every n¸ 1. 
 
Theorem (Haken – 1985): 
Every resolution derivation of { } from Fn has length Ω(2n). 
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Algorithms for Satisfiability 

 So far, we have seen the Resolution Algorithm for satisfiability 
    whose correctness follows from the Resolution Theorem. 
 In 1960, M. Davis and H. Putnam designed a different  
    algorithm for satisfiability, which became known as the  

Davis-Putnam (DP) Procedure. 
 In 1962, M. Davis, G. Logemann, and D. Loveland refined the 

Davis-Putnam (DP) Procedure.  
 This refinement has become known as the  
    Davis-Putnam-Logemann-Loveland (DPLL) Procedure.  
 The DPLL Procedure is at the core of most current SAT 

solvers. 



16 

The DPLL Procedure 
Goal: Given a finite set of clauses F, determine whether or not F is satisable. 
 Base Case:  

 If F = ;, then return "F is satisfiable". 
 If F = { { } }, then return "F is unsatisfiable". 

  Otherwise, 
1. Tautology Rule: Delete from F all clauses that contain both a literal L and its 

complement L’. 
2. Unit Rule: If F contains a unit clause {L}, where L is a literal, then remove from F 

all clauses containing L as a member; delete the complement L’ of L from all 
clauses of F containing it. 
 Repeat this step, until no unit clauses occur. 

3. Pure Literal Rule: If a literal L occurs in at least one clause of F, but the 
   complement L’ of L does not occur in any clause of F, then remove all clauses in  
   which L occurs. 

     4. Splitting Rule: Choose a propositional variable P occurring in F. 
 Form the sets  F(P/0) and F(P/1) of all clauses obtained from F by  
     replacing P by 0 and, respectively, by 1 and then “simplifying” the sets. 
 Run the DPLL algorithm on F(P/0) and F(P/1). 

 If the algorithm returns "F(P/0) is unsatisfiable" and "F(P/1) is unsatisfiable", 
then return "F is unsatisfiable" and end;  

     otherwise, return "F is satisfiable" and end. 
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The DPLL Procedure 

 Termination of the DPLL Procedure 
 At every step at which one of the rules is applied, the current set 

F of clauses is replaced by one or two sets of clauses that have 
one less literals than F. Hence, all branches of the computation 
terminate by eventually reaching the base case. 

 
 Correctness of the DPLL Procedure 

 For the Tautology Rule, the Unit Rule, and the Pure Literal  
    Rule, it is easy to see that, at each step, the current set F  
    of clauses is replaced by a set F’ of clauses such that   
    F’ satisfiable if and only if F is satisfiable. 
 For the Splitting Rule, use the Splitting Lemma, which  
    asserts that the following statements are equivalent: 
  F is unsatisfiable  
  Both F(P/0) and F(P/1) are unsatisfiable. 



18 

The DPLL Procedure 

Example 1: F = { {P, Q, : R}, {: P}, {P, Q, R}, {P, : Q} } 
1. Unit Rule applies with {: P}  
     F := { {Q, : R}, {Q, R}, {: Q} } 
2. Unit Rule applies with {: Q}  
     F: = { {: R}, {R} } 
3. Unit Rule applies with {: R} 
     F: = { { } } 
Hence, F is unsatisfiable. 

 
Note: This example shows that in some cases repeated use of  
the Unit Rule suffices to establish unsatisfiability. 
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Unit Resolution 

Definition: Let F be a set of clauses.  
A unit resolvent of F is a resolvent R of two clauses in F of the 
form {L}, C [ {L’}, where L is a literal  
(i.e., a resolvent of two clauses one of which is a unit clause). 
 
Definition:  The Unit Resolution Operator 
   URes(F) = F [ {R: R is a unit resolvent of two clauses of F} 
We can now iterate URes(F) to obtain URes*(F) as follows: 
 URes0(F)     =  F 
 UResn+1(F)  =  URes(UResn(F)) 
 URes*(F)    =   [n¸ 0 UResn(F) 
 
Note:  URes*(F)  µ  Res*(F) 
 
 
 
 



20 

Unit Resolution 

Definition: A unit resolution derivation of a clause C from F is a  
resolution derivation C1, …, Cm of C from F such that every  
resolvent of two clauses in this sequence is a unit resolvent. 
 
Fact: The following are equivalent: 

1. C 2 URes*(F) 
2. There is a unit resolution derivation of C from F. 

 
Proposition: There is a polynomial time algorithm for determining  
whether or not { } 2 URes*(F), where F is a finite set of clauses. 
 
Proof: Exercise  
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Unit Resolution 

Example (revisited):  
    F = { {P, Q, : R}, {: P}, {P, Q, R}, {P, : Q} } 
 URes0(F) = F  
 URes1(F) = F [ { {Q, : R}, {Q, R}, {: Q} } 
 URes2(F) = URes1(F) [ { {P, : R}, {P, R}, {: R}, {R} } 
 URes3(F) = URes2(F) [ { {P, Q}, {P}, { } } 
 URes4(F) = URes3(F) = URes*(F). 

 
Hence, F is unsatisfiable, since { } 2 URes*(F). 
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Unit Resolution 

Facts:  
 If { } 2 URes*(F), then F is unsatisfiable. Hence,  
    computing URes*(F) is a sound algorithm for unsatisfiability. 

 
 However, this algorithm is not complete. For example, let  
    F = { {P, Q}, {: P, Q}, {P, : Q}, {: P, : Q} }. Then 
 F is unsatisfiable,  
but   
 URes*(F) = F, hence { } does not belong to URes*(F). 
 

Question: Is there a natural class of formulas for which computing 
URes*(F) is a sound and complete algorithm for (un)satisfiability.  
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Horn Formulas 
Definition:  (named after Alfred Horn – based on his 1951 paper) 
 A Horn clause is a clause that contains at most one positive literal. 
 A Horn formula is a CNF-formula such that every conjunct contains 

at most one positive literal (= a set of Horn clauses) 
 
Examples: 
 P Æ (: P Ç Q) Æ (: P Ç : Q)  is a Horn formula 
 P Æ (: P Ç : Q) Æ (: P Ç : Q Ç R) is a Horn formula 
 (P Ç Q) is not a  Horn formula 
 (P Ç Q) Æ (: P Ç : Q) is not a Horn formula. 
 
Note: A Horn formula of the form (: P1 Ç …Ç : Pn Ç Q) is  
tautologically equivalent to the formula ((P1 Æ … Æ Pn) ! Q) 
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Horn Formulas 

Basic Properties of Horn Formulas: 
 Every unit clause is a Horn formula. 
 The conjunction of two Horn formulas is a Horn formula. 
 A resolvent of two Horn clauses is a Horn clause. 

 Reason: If R is a resolvent of C and D, then C [ D contains 
either one or two positive literals. One of these two 
positive literals and its complement do not occur in R, while 
all other literals in C [ D occur in R. Hence, R has at most 
one positive literal. 

 If a Horn formula ϕ is such that no propositional variable P is 
a conjunct of ϕ, then ϕ is satisfiable by the assignment s that 
assigns 0 to every variable in ϕ. 
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Horn Formulas and Unit Resolution. 

Unit Resolution Theorem. Let F be a set of Horn clauses.  
Then the following are equivalent: 
1. F is unsatisfiable 
2. { } 2 URes*(F) 
3. There is a unit resolution derivation of { } from F. 
Proof:  In view of results obtained earlier, it suffices to show the 
completeness of unit resolution for Horn unsatisfiability: 
 If F is unsatisfiable, then { } 2 URes*(F).  
Equivalently, it suffices to show in the contrapositive form that: 
 If  { } is not in URes*(F), then F is satisfiable. 
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Horn Formulas and Unit Resolution 

Assume that  { } is not in URes*(F). Then there is no variable P such that both  
{P} and {: P} are in URes*(F). 
 
Let s be the following truth assignment: 
If {P} 2 URes*(F), then s(P) = 1; otherwise, s(P) = 0. 
 
Claim:  s satisfies URes*(F)  (hence s satisfies F). 
Proof of Claim: By induction on the size |C| (number of literals) of a clause C  
in URes*(F). Note that |C| > 0, since { } is not in  URes*(F).  
 If |C| = 1, then s*(C) = 1, by the definition of s. 
 Assume that |C| = n+1 and the claim holds for n. Since C is Horn and has 

at least two literals, C must contain a negated literal, say (: P).  
 If s(P) = 0, then s satisfies C.  
 If s(P) = 1, then {P} 2 URes*(F). It follows that C – {(: P)} is a unit 

resolvent of two clauses in URes*(F), hence C – {(: P)} 2 URes*(F).  By 
induction hypothesis, s satisfies C – {(: P)} , hence s satisfies C. 

 
 



27 

More on Horn Satisfiability 

 Horn formulas form a very important fragment of 
propositional logic because, among other things, they form 
the foundation of logic programming and Prolog. 
 

 The P-completeness of Horn SAT provides evidence that  
    Horn SAT is not in NLOGSPACE. It also gives evidence that  
    no “fast parallel” algorithm for Horn SAT exists. 
 
 Next, we will discuss the Marking Algorithm, which is another 

widely used polynomial-time algorithm from Horn SAT. 
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Complexity of Horn Satisfiability 
Definition: Horn SAT is the following decision problem: 
Given a Horn formula, is it satisfiable? 
 
Theorem: Horn Satisfiability is in P 
Proof: 
 A Horn formula ϕ is unsatisfiable if and only if there is a unit 

resolution of { } from ϕ (viewed as a set of clauses). 
 There is a polynomial-time algorithm for testing if there is a 

resolution derivation of { } from a given finite set of clauses. 
 
Theorem: (Jones and Laaser – 1976) 
Horn SAT is P-complete. In fact, even Horn 3SAT is P-complete. 
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Complexity of Satisfiability and its Variants 

Problem Computational Complexity 

SAT, 3SAT, 1-in-3SAT NP-complete 

Horn SAT, Horn 3SAT PTIME 

2SAT NLOGSPACE 



30 

Marking Algorithm for Horn SAT 

Input:  A Horn formula ϕ 
Algorithm description: 

 If ϕ has a conjunct of the form P, where P is a variable, 
mark every occurrence of P (and of (: P))  in ϕ. 

 While there is a conjunct of ϕ of the form  
   (: P1 Ç …: Pm  Ç Q) such that each Pi is marked, but Q is 

unmarked, do: 
 mark every occurrence of Q (and of (: Q))  in ϕ. 

 If there is a conjunct of ϕ of the form (: P1 Ç … Ç : Pm) 
such that each Pi is marked, then output “ϕ is unsatisfiable” 
and end. 

 Otherwise, output “ϕ is satisfiable” and end. 
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Marking Algorithm for Horn SAT 

Example: Let ϕ be the Horn formula 
(: P1 Ç : P2 Ç : P3) Æ (: P5 Ç P1) Æ P5  Æ  P2 Æ (: P6 Ç P3) Æ P3. 
 
Step 1. Mark all occurrences of P5, P2, P3 and their complements. 
(: P1 Ç : P2 Ç : P3) Æ (: P5 Ç P1) Æ P5 Æ  P2 Æ (: P6Ç P3) Æ P3. 
 
Step 2: Mark all occurrence of P1 and its complement. 
 
(: P1 Ç : P2 Ç : P3) Æ (: P5 Ç P1) Æ P5 Æ  P2 Æ (: P6Ç P3) Æ P3. 
 
Step 3: Return “ϕ is unsatisfiable”. 
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Marking Algorithm for a Set of Horn Clauses 

Example: Let F be the following set of Horn clauses: 
{ {P, : Q, : R}, {P}, {: P, : Q, R}, {: P, Q} } 
 
Step 1. Mark all occurrences of P and : P 
{ {P, : Q, : R}, {P}, {: P, : Q, R}, { : P, Q} } 
 
Step 2. Mark all occurrences of Q and : Q. 
{ {P, : Q, : R}, {P}, {: P, : Q, R}, { : P, Q} } 
 
Step 3. Mark all occurrences of R and : R 
{ {P, : Q, : R}, {P}, {: P, : Q, R}, { : P, Q} } 
 
Step 4: Return “F is satisfiable”. 
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Properties of the Marking Algorithm for Horn SAT 

Facts:  
 The running time of the Marking Algorithm is O(|ϕ|2), since at each 

iteration one variable is marked. 
 In fact, the algorithm can be refined to run in linear time. 
 

 If the Marking Algorithm returns “ϕ is satisfiable”, then a satisfying 
truth assignment s can be obtained as follows: 
 s(P) = 1, if P is marked by the Marking Algorithm; 
 s(P) = 0, if P is not marked by the Marking Algorithm. 
 

 The truth assignment s obtained this way is the minimum truth 
assignment that satisfies ϕ in the sense that if t is another truth 
assignment that satisfies ϕ, then s · t coordinate-wise, i.e., 

    s(P) · t(P), for every propositional variable P occurring in ϕ. 
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Properties of the Marking Algorithm for Horn SAT 

Example: 
  F = { {P, : Q}, {: P, : Q, R}, {P}, {: R, Q} } 
 Step 1: Mark P 

          { {P, : Q}, {: P, : Q, R}, {P}, {: R, Q} } 
 Step 2:  Return “ϕ is satisfiable” 

 Minimum satisfying truth assignment  
     s(P) = 1, s(Q) = 0, s(R) = 0.  
 
Note: It is not true that if s is the minimum satisfying truth assignment  
of a set F of Horn clauses, and t is a truth assignment such that 
 s · t,  then t also satisfies F.  
 
For example, take t(P) = 1, t(Q) = 0, t(R) = 1.  Then s < t, but t does  
not satisfy the clause {: R, Q}. 
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More on Horn Formulas 

Facts: 
 The satisfying truth assignments of a Horn formula ϕ are 

closed under coordinate-wise Æ, i.e., if both s and t satisfy ϕ, 
then so does s Æ t, where (s Æ t)(P) = s(P)Æ t(P). 

 
 There are interesting variants of Horn formulas for which the 

satisfiability problem is solvable in polynomial time. These 
include: 
 The class of all dual Horn formulas. 
 The class of all Horn renamable formulas, which are the 

CNF-formulas that can be transformed to a Horn formula 
by replacing some variables by their complements. 
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First-Order Logic  

 Question: What is First-Order Logic? 
 

 Answer:  Informally,  
 

   “ First-Order Logic  =  Propositional Logic + (9 and 8)”,  
    where 
    9 and 8 range over elements in the universes of a structure. 
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Semantics of Formulas 
Definition: Let S = (R1,R2, …, f1,f2, …, c1,c2 …) be a signature,  
A = (A, R’1, R’2, …, f’1, f’2, c’1, c’2, …) be an S-structure,  
s: {v1, v2, …} ! A an assignment on A, and ϕ an FO-formula.  
The notion A, s ² ϕ is defined by induction on the construction of ϕ and  
simultaneously for all assignments s as follows. 
 
Atomic Formulas: 
 A, s ² t1 = t2        if s*(t1) = s*(t2) 
 A, s ² Ri(t1,…,tm)  if (s*(t1),…,s*(tm)) 2 R’i 
 
Non-atomic formulas: 
 A, s ² Ã Ç Â    if A, s ² Ã or A, s ² Â 
 A, s ² Ã Æ Â    if A, s ² Ã and A, s ² Â 
 A, s ² : Ã       if it is not the case that A, s ² Ã 
 A, s ² (9 vi) Ã  if there is an element a 2 A such that A, s[vi/a] ² Ã 

 Here, s[vi/a] is the assignment that takes value a on vi and agrees with s 
on all other variables. 

 A, s ² (8 vi) Ã  if for every element a 2 A, we have that A, s[vi/a] ² Ã 
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Relevance Theorem: Only Free Variables Matter 

Relevance Theorem for Formulas: Let ϕ be a FO-formula such  
that the free variables occurring in it are x1,…,xk, let A be a  
structure, and let s1 and s2 be two assignments on A such that 
 s1(xi) = s2(xi), for 1 · i ·  k. Then  
                        A, s1 ² ϕ if and only if A, s2 ² ϕ. 
 
Corollary: If Ã is a sentence, then for every structure A exactly  
one of the following two statements is true: 
 For every assignment s on A, we have that A, s ² Ã. 
 There is no assignment s on A such that A, s ² Ã. 
 
Notation: If Ã is a sentence and A is a structure, then  
A ² Ã means that for every assignment s on A, we have that A, s ² Ã.  
 



Proof and Truth in First-Order Logic 

Question 1: Can we give a rigorous definition of “proof” and use it to “prove”  
every “true mathematical statement”? 
 
Question 2: Is there an algorithm to decide if a given “mathematical  
statement” is “true”? 
 
 In the case of first-order logic, it is natural to identify “mathematical  
     statement” with “first-order formula”. 
 
 This immediately raises the question: What is a “true first-order formula”? 

 
 Here, we have a richer context than in propositional logic, since, in addition 

to the formulas of first-order logic, we also need to take into account 
structures and assignments. This complicates matters … 

 



Truth in First-Order Logic 

         “Truth is in the eye of the beholder” 
 
 We will consider several different notions of “truth” for first-

order sentences. 
 
 We will then extend these notions to notions of “truth” for 

first-order formulas with free variables. 
 
 For each of these different notions of “truth”, we will examine 

the existence of algorithms for deciding if a given first-order 
formula is “true”. 
 



Truth and Satisfiability in First-Order Logic: Sentences 

Definition: Let S  be a signature and Ã a FO-sentence.  
 
 Absolute Truth: Ã is valid if for every S-structure A, we have that A ² Ã. 
 
 Truth in the Finite:  
     Ã is finitely valid if for every finite S-structure A, we have that A ² Ã. 
 
 Truth in a Structure:  Let B be a fixed S -structure.  

 Ã is true on B if B ² Ã 

 The first-order theory of B is the set  
     Th(B) = {Ã: Ã is a FO-sentence and B ² Ã} 
 

 Satisfiability: Ã is satisfiable if there a S-structure A such that A ² Ã 
 
 Finite Satisfiability: Ã is finitely satisfiable if there is a finite S-structure A  
     such that A ² Ã. 

 
 



Truth and Satisfiability in First-Order Logic: Formulas 

Definition:  
Let ϕ be a FO-formula whose free variables are x1, …,xk. 
  ϕ is valid if the sentence 8x1 … 8xk ϕ is valid. 
 
  ϕ is finitely valid if the sentence 8x1 … 8xk ϕ is finitely valid. 
 
  ϕ is satisfiable if the sentence 9x1 … 9xk ϕ is satisfiable. 
 
  ϕ is finitely satisfiable if the sentence 9x1 … 9xk ϕ is finitely 
     satisfiable. 

 
 



Truth in First-Order Logic: Validities 

 Let R be a binary relation symbol 
 The sentence  (9 x 8 y R(x,y))  !  (8 y 9 x R(x,y)) is valid. 
 The sentence   (8 x 9 y R(x,y)) !  (9 y 8 x R(x,y)) is not 

valid. 
 

 Let ϕ and Ã be two formulas whose only free variable is x 
 The sentence (8 x ϕ)  $  : (9 x : ϕ) is valid 
 The sentence (8 x (ϕ Æ Ã))  $  (8 x ϕ Æ 8 x Ã) is valid 
 The sentence (8 x (ϕ Ç Ã))  $  (8 x ϕ Ç 8 x Ã) is not valid 
 The sentence (9 x (ϕ Ç Ã))  $  (9 x ϕ Ç 9 x Ã) is valid 
 The sentence (9 x (ϕ Æ Ã))  $  (9 x ϕ Æ 9 x Ã) is not valid 

 
 
 
 

 
 



Truth in First-Order Logic: Finite Validities 

Basic Facts: 
 If Ã is valid, then Ã is finitely valid. 

 The converse does not always hold. 
 If Ã is finitely satisfiable, then it is satisfiable. 

 The converse does not always hold. 
 

Examples: Let S  be a signature with one binary relation symbol ·  
and let Ã be a FO-sentence asserting that · is a linear order. 
 The FO-sentence (Ã ! 9 y 8 x (x · y)) is finitely valid,  
     but not valid.  (Why?) 
 The FO-sentence Â asserting that “· is a dense linear order” 
     is satisfiable, but not finitely satisfiable.  (Why?) 

 



Validity and Satisfiability: Mirror Principle 

valid 
 
 
 
 
 
ϕ 
 
 
 
 
 
 

finitely valid, 
not valid 
 
 
 
 
 
 
Ã 

not finitely 
valid (thus,  
not valid),  
finitely 
satisfiable 
(thus, 
satisfiable) 
 
 
 
 
Â              : Â 
 
 

satisfiable, 
not finitely 
satisfiable 
 
 
 
 
 
         : Ã 

unsatisfiable 
 
 
 
 
 
           : ϕ 



Infinitely Many Shades of Truth 

Note:  
So far, we have seen three different notions of “truth”  
for a FO-sentence Ã:  

 Absolute truth:      Validity  - Ã is true on all structures 
 Truth in the finite:  Finite validity -  
                                Ã true on all finite structures. 
 Truth in a fixed structure B:  Ã is true on B. 

 
Fact:  
 These three notions are special cases of a single notion. 
 Moreover, this single notion gives rise to infinitely many 

different notions of truth. 



Infinitely Many Shades of Truth 
Definition: Let S be a signature, C  a class of S-structures. 
 A FO-sentence Ã is C-valid if for every  A 2 C , we have that A ² Ã.  
Thus, 
 Ã is valid if and only if Ã is C-valid, where C  is the class of all S-structures. 
 Ã is finitely valid if and only if Ã is C-valid, where C  is the class of all finite 

S-structures. 
 Ã is true in B if and only if Ã is C-valid, where C = {B}. 

 
By considering different classes C, we obtain different notions of truth. 
 Th(C ) =  {Ã: Ã is a FO-sentence such that B ² Ã, for every B 2 C } 
Clearly,  Th(C ) = ÅB 2 C Th(B) 
 
Examples of classes:  
 Class of all finite trees;  class of all planar graphs 
 Class of all linear orders; class of all groups; class of all finite groups 
 … 
                      “Truth is in the eye of the beholder” 
 



Algorithmic Problems about First-Order Logic 

Recall again  
Question 2:  
Is there an algorithm to decide if a given FO-sentence is “true”? 
 
In view of the preceding discussion, this question branches into 
several different questions depending on the notion of “truth”: 

 Given a FO-sentence Ã, is it valid? 
 Given a FO-sentence Ã, is it finitely valid? 
 Given a FO-sentence Ã, is it true on N = (N, +, £, 0, 1)? 
 Given a FO-sentence Ã, is it true on R = (R, +, £, 0, 1)? 

 



Algorithmic Problems about First-Order Logic 

Theorem (Gödel, Church, Tarski – 1930s): 
Let S  be a signature containing a relation symbol of arity at least 2. 
The Validity Problem is undecidable, i.e., there is no algorithm to solve 
the following problem: given a FO-sentence Ã over S,  is it valid? 
 
 
Theorem (Trakhtenbrot – 1949): 
Let S be a signature containing a relation sumbol of arity at least 2. 
The Finite Validity Problem is undecidable, i.e., there is no algorithm to 
solve the following problem: given a FO-sentence Ã over S, is it finitely 
valid? 
 
 



Algorithmic Problems about First-Order Logic 

Theorem (Gödel - 1931): 
Let N = (N, +, £, 0, 1) be the structure of the natural numbers. 
Then Th(N) is undecidable, i.e., there is no algorithm to solve 
the following problem: given a FO-sentence Ã,  does N ² Ã ? 
 
 
Theorem (Tarski – 1949): 
Let R = (R, +, £, 0, 1) be the structure of the real numbers. 
Then Th(R) is decidable, i.e., there is an algorithm to solve 
the following problem: given a FO-sentence Ã,  does R ² Ã ? 
 
 
 
 



Decidable Cases of the Validity Problem 

 The undecidability of the validity problem for FO-sentences 
gave rise to the pursuit of restricted classes of FO-sentences 
for which the validity problem is decidable. 

 
 A major direction of research in this area focused on the 

quantifier pattern for FO-sentences in prenex normal forms 
over relational signatures.   

 
 A complete classification delineating the boundary between 

decidability and undecidability was obtained through research 
that spanned several decades in the 20th Century. 



Prefix Classes 
Notation:  
  8* denotes a block of zero or more consecutive universal quantifiers. 
  9* denotes a block of zero or more consecutive existential quantifiers. 
 
Definition: 
 A prefix class is a collection of FO-sentences in prenex normal form having 

a particular quantifier pattern. 
 
Examples: 
 
 1.    9* 8 8 is the class of all §2-sentences in prenex normal form with zero or  

more existential quantifiers followed by two universal quantifier. 
 

  2.    8 9* 8 is the class of all ¦3-sentences in prenex normal form starting 
with one universal quantifier, followed by zero or more existential 
quantifiers,  followed by one universal quantifier. 
 



Dual Prefix Classes 

 Notation: If C is a prefix class, then Cd denotes the dual 
prefix class of C, that is, the collection of all formulas in 
prenex normal form whose quantifier pattern is obtained 
from that of C by replacing each quantifier Q by its dual Qd. 
 

 Example: If C is 9*8*9, then Cd is 8*9*8 
 

 Fact: Let C be a prefix class. Then the following statements 
are equivalent: 
1. The validity problem for C is decidable. 
2. The satisfiability problem for Cd is decidable. 

     Proof:  A sentence Q1x1 … Qmxm µ is valid if and only if the 
sentence Qd

1x1… Qd
mxm (: µ) is satisfiable. 



Decidable Cases of the Validity Problem  

Theorem: Let S be a signature containing at least one relation  
symbol of arity ¸ 2. 
 The validity problem for the prefix class 8*9* is decidable. 

 Equivalently, the satisfiability problem for the prefix class 9*8* is 
decidable. This class is known as the Bernays-Schönfinkel Class. 

 
 The validity problem for the prefix class 8*98* is decidable. 

 Equivalently, the satisfiability problem for the prefix class 9*89* is 
decidable. This class is known as the Ackermann Class. 

 
 If C is a prefix class that is not contained in one of the previous two prefix 

classes, then the validity problem for C is undecidable.  
 In particular, the validity problem for the prefix class 8*998* is 

undecidable.  
 Equivalently, the satisfiability problem for the prefix class 9*889* is 

undecidable. This class is known as the Gödel Class. 



Decidable Cases of the Validity Problem  

Theorem: Let S be a signature containing at least one relation  
symbol of arity ¸ 2. 
 The validity problem for the prefix class 8*9* is decidable. 

 Equivalently, the satisfiability problem for the prefix class 9*8* 
is decidable. This is known as the Bernays-Schönfinkel Class. 

Proof:  It follows from a “bounded-model” property of the class 9*8*. 
Fact: Let Ã be a FO-sentence of the form 9 x1…9 xn 8 y1 … 8 ym µ, 

where µ is quantifier-free. Then the following statements are 
equivalent: 

1. There is a structure A such that A ² Ã (i.e., Ã is satisfiable). 
2. There is a structure A such that A ² Ã and |A| · n 
     (i.e., Ã is satisfiable by a structure with at most n elements). 



Decidable Cases of the Validity Problem 
Historical Note: It took more than 50 years of research to  
completely delineate the boundary between decidability and  
undecidability of the validity problem for prefix classes over  
relational signatures. 
 
 The decidability of the validity problem for 8*9* was established by Bernays 

and Schönfinkel in 1928. 
 
 The decidability of the validity problem for 8*98* was established by 

Ackermann in 1931. 
 
 The undecidability of the validity problem for 8*998* was established by 

Goldfarb in 1984. 
 Back in 1932, Gödel had erroneously claimed that the validity problem 

for the class 8*998* is decidable.  
 However, it is decidable for the class 8*998* without equality (Gödel). 



The Complexity of FO-Truth on Infinite Structures 

Theorem (Gödel - 1931): 
Let N = (N, +, £, 0, 1) be the structure of the natural numbers. 
Then Th(N) is undecidable, i.e., there is no algorithm to solve 
the following problem: given a FO-sentence Ã,  does N ² Ã ? 
 
Theorem (Tarski – 1949): 
Let R = (R, +, £, 0, 1) be the structure of the real numbers. 
Then Th(R) is decidable, i.e., there is an algorithm to solve 
the following problem: given a FO-sentence Ã,  does R ² Ã ? 
 
Note: The exact computational complexity of Th(R) is not known at present. 
 Lower bound: PSPACE-hard 
 Upper bound: in EXPSPACE. 

 
 
 
 



The Complexity of FO-Truth on Finite Structures 

 Fact:  If A is a fixed finite structure, then it is easy to see that Th(A) 
is decidable  

    (Reason: for every FO-formula, there are only finitely many 
assignments from the variables of the formula to the elements of 
the universe of the structure). 

 
 Question: What can we say about the complexity of Th(A)? 

 
 More broadly, it is natural to consider the following algorithmic 

problem about finite structures: 
 

 The Model Checking Problem:  
    Given a structure A and a FO-sentence Ã, does A ² Ã? 

(equivalently, is Ã in Th(A)?) 
 



The Complexity of FO-Truth on Finite Structures 

Theorem: The Model Checking Problem is PSPACE-complete. 
Proof: We have to show two different things: 

 The Model Checking Problem is in PSPACE.  
 For this, we need to give a polynomial-space algorithm for 

solving the problem. 
 The Model Checking Problem is PSPACE-hard. 

 For this, we need to  
 either give a direct proof from Turing machines operating 

in polynomial space 
    or 

 Give a polynomial-time reduction from a known PSPACE-
complete problem. 



Complexity of the Model Checking Problem 
 Theorem: The Model Checking Problem is in PSPACE. 
     Proof (Hint): Let A be a given finite structure and Ã a FO-sentence, which 

without loss of generality, we can assume it is of the form 8x19x2 … 8xmµ. 
 Exponential Time Algorithm: We can test whether A ² Ã by exhaustively 

cycling over all possible interpretations of the xi’s over the universe A of A. 
    This algorithm runs in time O(nm), where n = |A| (size of the universe). 
 A more careful analysis shows that this algorithm can be implemented in 

O(m·logn)-space. 
 Use m blocks of memory, each holding one of the n elements of A 

written in binary (so O(logn) space is used in each block). 
 Maintain also m counters in binary to keep track of the number of 

elements examined. 
 

 8 x1 9 x2 … 8 xm 

a1 in A  
written in binary 

a2 in A 
written in binary 

… am in A 
written in binary 



Quantified Boolean Formulas 
Definition:  
 A quantified boolean formula is an expression of the form 8 x19 x2 …. 8 xkϕ, 

where ϕ is a formula of propositional logic. 
 The Quantified Boolean Formulas Problem (QBF):  
     Given a quantified boolean formula 8 x19 x2 …. 8 xkϕ, is it true? 
 
Examples: 

  8 x1 9 x2 ((x1 Ç x2) Æ (: x1 Ç : x2)) 
 Is true. 
 If x1 = 1, then put x2 = 0. 
 If x1 = 0, then put x2 = 1.   
 

  8 x1 9 x2 ((x1 Ç x2) Æ (x1 Ç : x2)) 
 Is false. 
 If x1 = 1, then we put x2 = 0. 
 If x1 = 0, then the formula evaluates to false,  no matter what x2 is. 
 
 
 
 
 



PSPACE-Complete Problems 

Theorem (Stockmeyer – 1976) 
QBF is PSPACE-complete. 

 
Note: QBF was the first problem shown to be PSPACE-complete. 

 
Complexity Class Complete Problem 

NLOGSPACE 2SAT 

PTIME Horn SAT 
NP SAT, 3SAT, 1-in-3-SAT 

PSPACE QBF 



Complexity of the Model Checking Problem 

Theorem: The Model Checking Problem is PSPACE-hard. 
Proof:  Show that QBF  ≼p Model Checking Problem. 
Given a quantified boolean formula  8 x19 x2 …. 8 xk Ã :  
 Introduce a single unary relation symbol P. 
 Obtain a FO-sentence Ã*  from Ã by replacing xi by P(xi),  and by 

replacing :xi by (:P(xi)). 
 Let A = (A, P’)  be the finite structure with  
    A = {0,1}, and P’ = {1}. 
 Then the following statements are equivalent: 
 8 x19 x2 …. 8 xk Ã  is true 
 A ² 8 x19 x2 …. 8 xk Ã*. 

 
 
 



Complexity of the Model Checking Problem 

 The following theorem is an immediate consequence of the 
preceding results. 

 
Theorem: The Model Checking Problem is PSPACE-complete. 

 
 Moreover, the following result can be easily obtained via a 

slight modification of the proof of the PSPACE-hardness of the 
model checking problem. 

 
Theorem: Let A = (A, R1,…,Rm) be a non-trivial finite relational 
structure (i.e., for at least one of the relations Ri, we have that  
Ri ≠ ; and Ri  ≠ Ak).  Then Th(A) is PSPACE-complete. 



The Complexity of FO-Truth on a Structure 

Structure A  Complexity of Th(A) 

Structure of the natural numbers 
N = (N, +, £, 0, 1) 

Undecidable 

Structure of the real numbers 
R = (R, +, £, 0, 1) 

Decidable in EXPSPACE; 
PSPACE-hard 

Non-trivial finite structure  PSPACE-complete 
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