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Logic and Computer Science 

 Logic is one of the oldest intellectual disciplines 
 
 Computer Science is one of the youngest intellectual 

disciplines 
 

 Logic has played and continues to play a fundamental and 
influential role in many core areas of computer science. 

 
 The main goal of this course it to highlight some connections 

between logic and computation with emphasis on the 
connections of propositional logic and first-order logic with 
computational complexity. 
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What is logic? 

 
 
Instead of answering this question directly, let us 
consider three milestones in the development of 
logic. 
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A First Milestone in Logic 

Aristotle, 384-322 BC 
 Earliest formal study of logic in the West 
 Central notion: Deduction (“συλλογισμός”) 

Prior Analytics 
A deduction is discourse (“λόγος”) in which, certain things 
having been supposed, something different from those  
supposed results of necessity because of their being so. 

 Example of a Syllogism: 
 All animals are mortal. 
 All humans are animals. 
 Hence, all humans are mortal. 
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Syllogisms à la Eugène Ionesco 

Eugène Ionesco, 1909-1994 
 
Rhinocéros (1959) 
 Tous les chats sont mortel. 
 Socrates est mortel. 
 Donc, Socrates est un chat. 
 
In translation: 
 All cats are mortal. 
 Socrates is mortal. 
 Hence, Socrates is a cat. 
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A Second Milestone in Logic 

George Boole, 1815-1864        
The Mathematical Analysis of Logic (1847) 
An Investigation of the Laws of Thought (1854) 
 
 Gave an algebraic treatment of syllogistic logic 
 Pioneered the algebra of logic 

 “1” for the universal class; “0” for the empty class   
 Operators on classes: 

 x+y for the union of x and y 
 x¢y for the intersection of x and y 

  Equations involving the operators: 
 “All animals are mortal” becomes  A¢M = A  
 x¢y = 0 means “no x is y”  
 x¢(1-x) = 0    (the principle of contradiction) 
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A Second Milestone in Logic 

George Boole, 1815-1864        
 
Development of Propositional Logic  
                       (a.k.a. boolean logic) 

 Propositional variables:  
 p, q, r, … that take values 1 or 0  (“true” or “false”) 

 Propositional connectives:  Æ, Ç, : , ! , $ 
 Propositional formulas:   

  (p Ç q) 
  ((p Æ q) ! r)  
  (p Æ: p)      -- a contradiction: it always takes value 0 (false)                                
  (((p ! q) Æ (q! r)) ! (p ! r))    
                        -- a tautology:      it always takes value 1 (true)                                                                       
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A Third Milestone in Logic 

 Gottlob Frege, 1848-1925 
     Begriffsschrift  (Concept Script)  - 1879 
     “A turning point in the development of logic” 

 
 Gave a rigorous treatment of variables,  
    predicates, and quantifiers 
     
 Invented Predicate Logic, a.k.a. 
    First-Order Logic 

 
 “First-Order Logic = Propositional Logic  + Quantifiers 8, 9” 
     (but this needs to be made precise, and we will do so later on) 
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The Ingredients of First-Order Logic 
 
 Objects:   “2”, “3”, …, “Socrates”, “Mary”, … 

 
 Variables:  x, y, z, … ranging over objects 

 
 Predicates (relations between objects and/or variables): 
 Prime(3), Human(Socrates),  Enrolls (Mary, CS101, Spring14), … 
 Prime(x), Human(y), Enrolls(x, y, z), … 

 
 Propositional connectives:  Æ, Ç, : , !, $ 
 (Student(x) Æ : Enrolls(x, CS101, Spring14)) 
 

 Quantifiers 8 x, 9 x with the variables ranging over objects 
  8 x (Human(x) ! Mortal(x)) 
  8 x 8 y 8 z (Enrolls(x, y, z) ! 9 w (Grade (x, y, z, w)) 
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Mathematical Logic in the 20th Century 

In the 20th Century, mathematical logic was developed in an  
attempt to answer two questions concerning “truth” and “proof” 
in mathematics. 
Question 1: Can we give a rigorous definition of “proof” and use  
it to “prove” every “true mathematical statement”? 
Question 2: Is there an algorithm to decide if a given  
“mathematical statement” is “true”? 
Note: To make sense out of these questions, careful concept  
formation is needed. What do we mean by: 

 “mathematical statement”? 
 “true mathematical statement”? 
 “proof”? 
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Mathematical Logic in the 20th Century 

 Several different logics have played a role in defining what  
    “mathematical statement” means: 

 Propositional Logic 
 First-Order Logic 
 Second-Order Logic 
 

 Answers to Question 1 and to Question 2 were obtained from the  
    1930s on through the ground-breaking work of 

 Kurt Gödel        (1906-1978) 
 Alan Turing       (1912-1954) 
 Alonzo Church   (1903-1995) 
 Emil Post          (1897-1954) 
 Alfred Tarski     (1901-1984) 
 Stephen Kleene (1909-1994), and of other pioneers of that era. 
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A.Church                K. Gödel              E. Post 

 S. Kleene                        A. Turing 
        A. Tarski 
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Mathematical Logic in the 21st Century 

 Today, mathematical logic is an active area of research in its 
own right. 

 
 Three major branches of mathematical logic: 

 Model Theory 
 Computability Theory 
 Proof Theory. 
 

 Deep technical results have been obtained using sophisticated 
mathematical techniques. 
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Logic and Computer Science 

 During the past 60 years, there has been an extensive and 
growing interaction between logic and computer science. 

 
 Concepts and methods of logic occupy a central place in 

computer science.   
 
 In particular, both Propositional Logic and First-Order Logic 

have been widely used in computer science, from digital  
circuit design to the analysis of algorithms, and from 
databases to computer-aided verification of hardware. 
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Logic and Computer Science 

 Computer Architecture: 
 Gates and digital design ≈ Propositional Logic 

 Programming Languages: 
 Semantics of programming languages via methods of logic 
 Influence of logic on the design of programming languages 

 LISP     ≈   ¸-calculus (invented by Alonzo Church) 
 Prolog  ≈    First-Order Logic + Recursion 
 Typing  ≈    Higher types in logic 

 Theory of Computation and Computational Complexity 
 Models of computation (Turing machines, finite automata) 
 Logic provides complete problems for complexity classes. 
 Logical characterizations of complexity classes 

 Descriptive Complexity 
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Logic and Computer Science 

 Artificial Intelligence 
 Knowledge representation via logic rules 
 Non-monotonic reasoning via second-order logic 

 Relational Databases 
 SQL ≈ First-Order Logic + Syntactic Sugar 

 Hardware and Software Verification 
 Extensive use of formal methods based on logic 
 Temporal Logics and Automata 

 Semantic Web 
 Web Ontology Language (OWL) ≈ Description Logic 
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Logic and Computer Science 

 Z. Manna (Stanford U.) and R. Waldinger (SRI) – 1985 
      
               “Logic is the calculus of computer science.” 
           
                 Logic                                   Calculus 
         --------------------------       =      ---------------------  
           Computer Science                        Physics 

 
 G. Gottlob (U. of Oxford) - 2004  
    (paraphrasing Carl von Clausewitz, 1780-1831) 
 
     “Computer science is the continuation of logic by other means.” 
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     After this introduction and overview,  
     we are now ready to embark on the  
     study of the connections between 
     propositional logic and computation. 
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Propositional Logic  

 Propositional Logic is a formalism for expressing and 
reasoning about statements that are either “true” or “false”, 
such as:  
 “4 is a prime number” , “7 is bigger than 3”, and so on 
     (but not statements like “x > 3”). 
 

 Propositional Logic 
 Syntax:  Propositional variables and propositional formulas 
 Semantics: Will assign “meaning” to propositional formulas 

by first assigning “meaning” to propositional variables. 
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Syntax of Propositional Logic 
 Propositional variables: P1, P2, …, P, Q, R, … 
 Propositional formulas:  (inductive definition) 

 Every propositional variable is a propositional formula 
 If Á and Ã are propositional formulas, then so are the 

expressions:  
 (: Á) 
 (Á Æ Ã) 
 (Á Ç Ã) 
 (Á ! Ã) 
 (Á $ Ã) 

 No other expression is a propositional formula. 
 Examples:  (P Ç ( Q Æ  R)),  ((: R ) ! Q), ((P Æ R) $ Q) 
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Syntax of Propositional Logic 

 The syntax of propositional logic can be expressed in BNF  
    (Backus-Naur Form) as follows: 

  Á :  Pi | (: Á) | (Á Æ Ã) | (Á Ç Ã) | (Á ! Ã) | (Á $ Ã) 
 

 Fact: The inductive definition of propositional formulas gives  
    rise to a method for proving properties of formulas via  
    induction on the structure of the formulas or, more precisely, via 
    strong induction on the length (# of symbols) of the formula. 
 
 Exercise 1: In every propositional formula, the number of left 

parentheses is equal to the number of right parentheses. 
 
 Exercise 2: There is no propositional formula of length 2, 3, or 6, 

but all other lengths are possible. 
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Semantics of Propositional Logic 

Definition: Let P1, P2, …, Pn, … be a list of all propositional 
variables and let F  is the set of all propositional formulas. 
 A truth assignment is a function 
                 s: { P1, P2, …, Pn, …}    {0, 1} 
 Every truth assignment s can be extended to a function 
                 s*: F   {0, 1},  
    as follows: 

  s*(Pi) = s(Pi) for every propositional variable Pi. 
  s*(Á) is defined via induction on the structure of formulas 

and using the truth tables for the connectives of 
propositional logic.  
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Semantics of Propositional Logic: Truth Tables 

Á  Ã (: Á) (Á Ç Ã) (Á Æ Ã) (Á ! Ã) (Ã $ Ã) 

1 1 0 1 1 1 1 

1 0 0 1 0 0 0 

0 1 1 1 0 1 0 

0 0 1 0 0 1 1 
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Semantics of Propositional Logic 

 Example:    
 formula:       ((: (P1 Æ P2)) Ç P3) 
 assignment:  s(P1) = 0, s(P2) = 1, s(P3) = 0, s(P4) = 0, … 
 s*( (P1 Æ P2) ) =  0 
 s*( (: (P1 Æ P2)) ) = 1 
 s* ( ((: (P1 Æ P2)) Ç P3) ) = 1. 
 

 Note: The semantics of propositional logic is compositional: 
    the meaning of the whole is determined by the meaning of 

the parts. 
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The Relevance Theorem 

Theorem: For every truth assignment s and every formula Á, the 
value s*(Á) depends only on the variables occurring in Á.  
More precisely, if s and t are two truth assignments such that  
s(Pi) = t(Pi) for every variable occurring in Á, then s*(Á) = t*(Á). 
 
Proof: By induction on the structure of Á.  Let s and t be two  
assignments that agree on the variables occurring in Á. 
Typical inductive step:   Assume that Á is (Ã Æ Â). Then  
s*((Ã Æ Â)) = 1               if and only if  (by the truth tables)          
s*(Ã) = 1 and s*(Â) = 1   if and only if  (by induction hypothesis) 
t*(Ã) = 1 and  t*(Â) = 1   if and only if  (by the truth tables) 
t*((Ã Æ Â)) = 1. 
 
Exercise: Complete this proof. 
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Some Special Types of Formulas 

Definition:  
 Á is a tautology      if s*(Á) = 1, for every assignment s. 
 Á is a contradiction if s*(Á) = 0, for every assignment s. 

 In this case, we also say that Á is unsatisfiable. 
  Á is satisfiable       if there is an assignment s so that s*(Á) = 1. 
Examples: 
 (P Ç (: P)), ((P Æ Q) ! Q) 
 (P Æ (: P)) 
 (P ! Q), (P $ Q)  
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Some Special Types of Formulas 

Definition:  
 Á is a tautology (valid) if s*(Á) = 1, for every assignment s. 
 Á is a contradiction      if s*(Á) = 0, for every assignment s. 

 In this case, we also say that Á is unsatisfiable. 
  Á is satisfiable            if there is an assignment s so that s*(Á) = 1. 
Examples: 
 (P Ç (: P)),  ((P Æ Q) ! Q)       tautologies 
 (P Æ (: P))                              contradiction 
 (P ! Q), (P $ Q)                     satisfiable, non-tautology    
Facts:  
 Á is a tautology if and only if  (: Á) is a contradiction. 
 Á is satisfiable, non-tautology if and only 
   (: Á) is satisfiable, non-tautology. 
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Classification of Propositional Formulas 

Tautology 
 
 Á 

 

P Ç (: P) 
  
(P Æ Q) ! Q 

Satisfiable, Non-tautology 
 
 Ã                               : Ã 

 

P                                (: P) 
 

(P ! Q)                 : (P ! Q) 

Contradiction 
 
: Á 
 
: (P Ç (: P)) 
 
:((P Æ Q) ! Q)) 
 



29 

Tautological Implication 

Definition: § a set of propositional formulas, ϕ a propositional 
formula. We say that § tautologically implies ϕ, denoted § ² ϕ, 
if for every assignment s such that s*(Ã) =1 for every Ã in §,  
we have that s*(ϕ) = 1. 
(informally: every assignment that makes § true makes also ϕ true). 
 
Note: ϕ is a tautology if and only if ; ² ϕ. 
 
Examples: 
 { (P ! Q), (Q ! R) } ² (P ! R).  
 { Ã, Ã !  Â } ² Â           modus ponens 
 { (P ! Q), (P ! R) } does not tautologically imply (Q ! R). 
  Why? 
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Tautological Implication 

Recall the syllogism: 
 All animals are mortal.                   (A ! M) 
 All humans are animals.                 (H ! A) 
 Hence, all humans are mortal.        (H ! M) 

This is valid reasoning because  
 {(A ! M), (H ! A)} ² (H ! M) 
In contrast, Ionesco’s “syllogism” 

 All cats are mortal.                        (C ! M) 
 Socrates is mortal.                        (S ! M) 
 Hence, Socrates is a cat.                (S ! C) 

is not valid reasoning, because 
 {(C ! M), (S ! M)} does not tautologically imply (S ! C) 
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Tautological Implication 

 The most famous logician of all times: 
    Charles Lutwidge Dodgson 
    (a.k.a. Lewis Carroll, 1832-1898) 
 

 
 No professors are ignorant. 
 All ignorant people are vain. 
 Hence, no professors are vain. 
 
 

 Exercise: Formalize this syllogism in propositional logic and 
determine whether or not it is valid reasoning. 
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Tautological Implication 

Theorem: Let ϕ1, ϕ2, …, ϕn, Ã be propositional formulas.  
Then the following statements are equivalent: 
1. {ϕ1, ϕ2, …, ϕn } ² Ã 

2. ((ϕ1 Æ ϕ2 Æ … Æ ϕn) ! Ã) is a tautology 
3. ((ϕ1 Æ ϕ2 Æ … Æ ϕn) Æ (:Ã)) is a contradiction. 
 
Proof:  Exercise 
 
Illustration: { (P ! Q), (Q ! R) } ²  (P ! R) 
means that 
                 (((P ! Q) Æ (Q ! R)) ! (P ! R)) is a tautology. 
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Tautological Equivalence 

Definition: Two propositional logic formulas ϕ and Ã are 
tautologically equivalent, denoted ϕ ´ Ã, if  
for every assignment s, we have that s*(ϕ) = s*(Ã) 
 
Fact: The following statements are equivalent: 
1)  ϕ ´ Ã 

2) {ϕ} ² Ã and {Ã} ² ϕ 
3) (ϕ $ Ã) is a tautology. 
 
Note : The notion of tautological equivalence is the basic notion  
of indistinguishability in propositional logic. 
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Some Important Tautological Equivalences 

 ((ϕ Æ Ã) Æ Â))  ´  (ϕ Æ (Ã Æ Â)) 
 ((ϕ Ç Ã) Ç Â))  ´  (ϕ Ç (Ã Ç Â)) 

 Associativity of Æ and Ç   (hence, can drop parentheses) 
 (ϕ Æ (Ã Ç Â))   ´   ((ϕ Æ Ã) Ç (ϕ Æ Â)) 

 Distributivity of conjunction over disjunction 
 (ϕ ! Ã)  ´ ((: Ã) ! (: ϕ)) 

 Contrapositive 
 (ϕ ! Ã ) ´ ((: ϕ) Ç Ã)) 
 (ϕ $ Ã ) ´ ((ϕ ! Ã) Æ (Ã ! ϕ)) 
 (: (: ϕ)) ´ ϕ 
 (: (ϕ Æ Ã)  ´ ((: ϕ) Ç (: Ã)) 
  (: (ϕ Ç Ã)  ´ ((: ϕ) Æ (: Ã)) 

 De Morgan’s Laws 
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Proof and Truth in Propositional Logic 

Recall the two questions concerning “truth” and “proof”: 
Question 1: Can we give a rigorous definition of “proof” and use  
it to “prove” every “true mathematical statement”? 
Question 2: Is there an algorithm to decide if a given  
“mathematical statement” is “true”? 
 
In the context of propositional logic, we have that 
 “mathematical statement” becomes  
 propositional formula 

 “true mathematical statement” becomes 
 tautology (valid propositional formula). 
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Proof and Truth in Propositional Logic 

So, the two questions about “truth” and “proof” become: 
 
Question 1: Can we give a rigorous definition of “proof” and use  
it to “prove” every tautology? 
 
 
Question 2: Is there an algorithm to decide if a given 
propositional  formula is a tautology? 
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Proof and Truth in Propositional Logic 

Question 1: Can we give a rigorous definition of “proof” and use  
it to “prove” every tautology? 
Question 2: Is there an algorithm to decide if a given 
propositional  formula is a tautology? 
 
It is well known that for both questions the answer is “yes”. 
From a computer science perspective, it is natural to also  
consider the following question: 
 
Question 3: Is there an efficient algorithm to decide if a given 
propositional  formula is a tautology? 
At present, the answer to Question 3 is not known! 
 
 
 



38 

Algorithmic Problems in Propositional Logic 

 
 The Satisfiability Problem: 
    Given a propositional formula ϕ, is it satisfiable? 
 

 
 The Tautology Problem: 
    Given a propositional formula ϕ, is it a tautology? 
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Algorithmic Problems in Propositional Logic 

 The Satisfiability Problem: 
    Given a propositional formula ϕ, is it satisfiable? 

 
 The Tautology Problem: 
    Given a propositional formula ϕ, is it a tautology? 
 
Fact: Each of these two problems can be solved via an exhaustive  
search algorithm that examines every truth assignment on the  
variables occurring in the given formulas. However, these algorithms  
take an exponential number of steps to terminate, namely, 2n steps, 
where n is the number of variables.  
 
Question: Are there efficient algorithms for these problems? 
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Computability and Complexity 

 Before proceeding with the study of algorithmic problems in 
propositional logic, we will present an overview of the basic 
notions and results from computability theory and 
computational complexity. 

 
 This overview will include a discussion of 

 Undecidable problems and the reduction method 
 Computational complexity classes and complete problems 

for computational complexity classes. 
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Decision Problems and Languages 

 Definition (informal): A decision problem Q consists of a set of 
inputs and a question with a “yes” or “no” answer for each input. 
 
 
 
 

 Definition:  
 §* is the set of all strings over a finite alphabet §. 
 A language over § is a set L µ §* 
 Every language L gives rise to the following decision problem: 

 Given x 2 §*, is x 2 L? 
 Conversely, every decision problem can be thought of as arising 
    from a language, namely,  
    the language consisting of all inputs with a “yes” answer. 

Q? 
input x  1 (“yes”) 

   0 (“no”) 
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Turing Computability 

 Turing machines 
 

  Turing computable (partial) functions  f: §* ! §* 
 
 Church’s Thesis (aka Church-Turing Thesis): The following 

statements are equivalent for a (partial) function f: §* ! §*: 
 There is a Turing machine that computes f 
 There is an algorithm that computes f. 
 

 Main Use of Church’s Thesis: To show that there is no 
algorithm for computing a function f, it suffices to show that 
there is no Turing machine that computes f. 
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Recursive Languages 

Definition: Let L µ §* be a language 
L is recursive if its characteristic function Â  is Turing computable,  
where  

  ÂL(x) = 1  if x ∈ L 
  ÂL(x) = 0  if x ∉ L. 

 
Note:  
Via Church’s Thesis, a language is recursive if and only if there is 
an algorithm that solves the membership problem for L. 
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Decidable and Undecidable Problems 

 Definition: Let Q be a decision problem. 
 Q is decidable (solvable) if the language associated with Q 

is recursive. 
 Q is undecidable (unsolvable) if the language associated 

with Q is not recursive. 
 

 
Q?  

Input x 

1 (yes) 

0 (“no”) 

Q is undecidable means that there is no algorithm for this problem 
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Undecidable Problems 

Fact: Undecidable problems exist. 
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Undecidable Problems 

Fact: Undecidable problems exist. 
Proof: Use a counting argument: 

 There are countably many Turing machines. 
 There are uncountably many languages L µ {0,1}*. 
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Undecidable Problems 

Fact: Undecidable problems exist. 
Proof: Use a counting argument: 

 There are countably many Turing machines. 
 There are uncountably many languages L µ {0,1}*. 
 

 
Theorem: Many natural problems of algorithmic interest or of  
mathematical significance are undecidable. 
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Undecidable Problems 

 
Theorem: The following problems is undecidable: 
The Halting Problem (A. Turing – 1936): Given a Turing machine 
M and an input x, does M halt on x? 
 
Implications of Undecidability of the Halting Problem: 
 The undecidability of the Halting Problem implies that there is no 

algorithm such that, given a C program p and an input x, the 
algorithm determines whether the program p produces an output on 
input x or goes into an infinite loop. 

 Of course, it may still be possible to show that a particular program 
terminates on a given input (or even on every input), but it is not 
possible to automate this process for every program. 
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Undecidable Problems 

 The Halting Problem was the first fundamental decision 
problem shown to be undecidable. 
 

 By now, there is a vast library of undecidable problems that 
includes the following two problems, variants of which are 
often encountererd in computer science. 
 
 Post’s Correspondence Problem (1946) 

 
 Hilbert’s 10th Problem (1900). 
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Post’s Correspondence Problem 

Input: A finite list P  = { (s1,t1), (s2,t2), … , (sk,tk) } of pairs of  
strings over an alphabet with at least two symbols. 
 
Question: Is there is a sequence of (not necessarily distinct)  
integers n1, …, nm such that ni · k, for all i · m, and 
                  sn1

sn2
 … snm

 =  tn1
tn2

 … tnm
? 

 
Informal description: Given a dictionary for two languages over  
the same language, is there a phrase that has the same  
meaning in both languages? 
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Post’s Correspondence Problem 

Examples: 
 P = { (11,1), (1,111), (0111,10), (10,0) }  

 Yes:  s1s3s2s2s4 = 1101111110 = t1t3t2t2t4 
 P = { (a,ba), (ab,baa) } 

 No  
 P = { (a,baa), (ab,aa), (bba,bb) } 

 Exercise 
 
Theorem (Post – 1946): 
The Correspondence Problem is undecidable. 
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Hilbert’s 10th Problem 

 
 
 
 

Hilbert’s 10th Problem (1900):  
Find an algorithm for the following problem:  
Given a multivariate polynomial p(x1,…,xn) with integer coefficients,  
does p(x1,…,xn) have an all-integers root ? 
(i.e., does the equation p(x1,…,xn) = 0 have an all-integer solution?) 
 
Diophantine Equations (Diophantus of Alexandria 3rd Century AD) 
 3x + 5y - 8z = 0 
 x2 – 2xy + z3 + 9 = 0, x2 – 100y2 + 1 = 0 
 x2 + y2 - z2 = 0, x3 + y3 - z3 = 0  

 
 

David Hilbert (1862-1943) 
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Hilbert’s 10th Problem 

Theorem (Y. Matijacevic – 1971):  
(building on earlier work by M. Davis, H. Putnam, J. Robinson) 
Hilbert’s 10th Problem is undecidable. 

 
 

Note: 
The undecidability of Hilbert’s 10th Problem means that there is 
no algorithm to tell whether or not a given Diophantine  
equation has a solution consisting entirely of integers. 
This is an outcome that Hilbert had not anticipated … 
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The Reduction Method 

 By now there is a vast library of undecidable problems. 
 

 The Reduction Method is the main technique for establishing 
undecidability. 
 

 The Reduction Method: To show that a language L* is not 
recursive, it suffices to find a non-recursive language L and a 
total Turing computable function f such that for every string 
x, we have that 

                           x ∈ L ⇔   f(x) ∈ L*. 
  Such a function f is called a reduction of L to L*  
  L ≼ L*  means that there is a reduction of L to L*. 
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The Reduction Method 
 The Halting Problem was the first fundamental decision 

problem shown to be undecidable. 
 
 The reduction method was used to show that the following 

problems are undecidable: 
 Post’s Correspondence Problem 
 Hilbert’s 10th Problem. 

 
 In turn, Post’s Correspondence Problem and Hilbert’s 10th 

Problem have been used to show, via the reduction method,  
that numerous other problems are undecidable. 

 
 The advantage of working with Post’s Correspondence 

Problem is that it is a purely combinatorial problem.   
 
 



56 

Computability and Complexity 
 From the 1930s on, an extensive investigation of the boundary 

between decidability and undecidability has been carried out by 
mathematical logicians. 
 This investigation has given rise to the field of computability 

theory.  
   (What can be automated?) 

 
 From the 1960s on, an extensive investigation of decidable 

problems has been carried out by computer scientists aiming to 
identify the boundary between tractability and intractability. 
 This investigation has given rise to the field of computational 

complexity.  
   (What can be efficiently automated?) 
 

 Logic has played a major role in both computability theory and 
computational complexity. 
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Decidable Problems 

Fact: The following problems are decidable. 
 Given a propositional logic formula, is it satisfiable? 
 Given a propositional logic formula, is it a tautology? 
 Given a graph, is it connected? 
 Given a graph, is it 2-colorable? 
 Given a graph, is it 3-colorable? 
 Given two graphs, are they isomorphic? 
 Given a number, is it prime? 
 Given two regular expressions, do they denote the same language? 
 Given a system of linear inequalities with integer coefficients, does it 

have a solution? 
 Given a system of linear inequalities with integer coefficients, does it 

have an all-integer solution? 
 
Question: Which of these problems have “efficient” algorithms? 
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Decidable Problems and Computational Complexity 

 Computational Complexity is the 
quantitative study of decidable problems. 

 
 “From these and other considerations 

grew our deep conviction that there 
must be quantitative laws that 
govern the behavior of information 
and computing. The results of this 
research effort were summarized in our 
first paper on this topic, which also 
named this new research area, "On the 
computational complexity of 
algorithms“.” 
 

    J. Hartmanis, Turing Award Lecture, 1993 
 

Undecidable 
Problems 

Decidable 
Problems 
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Computational Complexity Classes 
 Decidable problems are grouped together in computational 

complexity classes. 
 Each computational complexity class consists of all problems 

that can be solved in a computational model under certain 
restrictions on the resources used to solve the problem. 

 Examples of computational models: 
 Turing Machine TM (deterministic Turing machine) 
 Non-deterministic Turing machine NTM 
 … 

 
 Examples of resources: 

 Amount of time needed to solve the problem 
 Amount of space (memory) needed to solve the problem. 
 … 
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