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Computational Complexity Classes 
 Decidable problems are grouped together in computational 

complexity classes. 
 Each computational complexity class consists of all problems 

that can be solved in a computational model under certain 
restrictions on the resources used to solve the problem. 

 Examples of computational models: 
 Turing Machine TM (deterministic Turing machine) 
 Non-deterministic Turing machine NTM 
 … 

 
 Examples of resources: 

 Amount of time needed to solve the problem 
 Amount of space (memory) needed to solve the problem. 
 … 
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The Five Basic Computational Complexity Classes 

 LOGSPACE (or, L): All decision problems solvable by a TM using  
    extra memory bounded by a logarithmic amount in the input size. 
 
 NLOGSPACE (or, NL): All decision problems solvable by a NTM using 
     extra memory bounded by a logarithmic amount in the input size. 
 
 P (or, PTIME): All decision problems solvable by a TM in time  
     bounded by some polynomial in the input size. 
 
 NP: All decision problems solvable by a NTM in time bounded by  
    some polynomial in the input size. 
 
 PSPACE: All decision problems solvable by a TM using memory 

bounded by a polynomial in the input size. 
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The Complexity Class P 

 P occupies a central place in computational complexity. 
 

 A. Cobham and J. Edmonds (around 1965):  
    P can be identified with the class of all “tractable” decision  
    problems, that is, all decision problems for which “good”  
    algorithms exist. 
    Justification: If p(n) is a polynomial, then for all large n, we  
    have that p(n) << 2n. 

 
 “Tractable” does not mean “practical”, since a n100 algorithm 

is not “practical” (but is better than a 2n algorithm on all 
sufficiently large inputs). 



The Five Basic Computational Complexity Classes 

Theorem:  
 The following inclusions hold: 
        LOGSPACE µ NLOGSPACE µ P µ NP µ PSPACE. 
 
 Moreover, it is known that LOGSPACE ½ PSPACE.  

 
 No other proper inclusion between these classes is known at present. 

In particular, it is not known whether P = NP. 
 
Note:  
 The question: “is P = NP?” is the central open problem in 

computational complexity.  
 It is one of the Millennium Prize Problems – see 

http://www.claymath.org/millennium/ 
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Another Perspective on the classes P and NP 

 Intuitively, P is the class of all 
decision problems for which we 
can find a “solution” or a “proof” 
efficiently (i.e., in time bounded 
by a polynomial in the size of the 
input). 

 Intuitively, NP is the class of all 
decision problems for which we 
can guess  a “candidate solution 
(proof)” and verify efficiently 
(i.e., in polynomial time)  that it 
is indeed a “solution (proof)”. 

      
 
 

Problem Candidate 
Solution (Proof) 

Satisfiability An assignment 
of boolean 
values to the 
variables 

3-Colorability An assignment 
of colors B, R, 
G to the nodes. 
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P vs. NP 

 The “P = NP?” question is equivalent to the following: 
 
 Question: 

Is it true that every decision problem for which a “candidate solution”  
 or “candidate proof” can be verified efficiently has the property that a  
 “solution” or “proof” can also be found efficiently?  

 In particular, “verified efficiently” means that the “candidate 
solution” or “candidate proof” must be “small” (bounded by a 
polynomial in the size of the input). 

Informally, this question amounts to: 
 Is proof discovery more difficult than proof checking? 

 
 Note:  
     The prevailing belief is that the answer to the above question is “No”, 

which means that P ≠ NP. 
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Computational Complexity Classes 

Classification of Decidable  
Problems (not on scale) There are many other complexity  

classes. For a comprehensive 
catalog, visit the Complexity Zoo at 
 
qwiki.stanford.edu/wiki/Complexity_Zoo 
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 Computational Complexity Classes 

 Recall that the following inclusions hold: 
        LOGSPACE µ NLOGSPACE µ P µ NP µ PSPACE. 
     Moreover, it is known that LOGSPACE ½ PSPACE. However, no  
     other proper inclusion between these classes is known at present. 

 
 Questions:  
 What evidence do we have that these inclusions are proper?  
 What are “representative” problems that we believe belong to 

one of these complexity classes, but to no lower complexity 
class? 

 If we come across a decidable problem of interest, what tools do 
we have to place it in the “right” complexity class? 
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Complete Problems 
 A key property of most complexity classes is that they possess complete 

problems.  
 
 Intuitively, complete problems are the “hardest” problems in the class in the 

sense that every other problem can be reduced to it. Hence, they are the 
“most representative” problems in the class. 

 
 Definition:  Let C  be a complexity class.  
    A decision problem Q is C-complete if the following conditions hold: 

 Q is in C. 
 Q is C -hard: If Q’ is in C , then there is a “suitable” total Turing 

computable function f such that for every string x, we have that 
                                  x ∈ Q’  ⇔   f(x) ∈ Q. 

 “suitable” means that f can be computed with fewer resources than 
those used to define C. 

 So, f is a reduction of a restricted nature. 
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Complete Problems and Reductions 
  Complexity Class Reductions for Complete 

Problems 
   PSPACE Polynomial-time computable 
   NP Polynomial-time computable 
   P Logspace-computable 
   NL Logspace-computable 

 Definition:  Let C  be a complexity class.  
    A decision problem Q is C-complete if the following conditions hold: 

 Q is in C. 
 Q is C -hard: If Q’ is in C , then there is a “suitable” total Turing computable 

function f such that for every string x, we have that 
                                  x ∈ Q’  ⇔   f(x) ∈ Q. 

 “suitable” means that f can be computed with fewer resources than 
those used to define C. 
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Complete Problems for Complexity Classes 

 Definition:  A decision problem Q is NP-complete if  
 Q is in NP. 
 Q is NP-hard: If Q’ is in NP, then there is a polynomial-time 

computable function f such that for every string x, we have that 
                             x ∈ Q’  ⇔   f(x) ∈ Q. 
 Such an f is a polynomial-time reduction of Q’ to Q (Q’ ≼p Q) 

 Definition:  A decision problem Q is P-complete if  
 Q is in P. 
 Q is P-hard: If Q’ is in P, then there is a logarithmic-space 

computable function f such that for every string x, we have that 
                             x ∈ Q’  ⇔   f(x) ∈ Q. 
 Such an f is a logarithmic-space reduction of Q’ to Q (Q’ ≼log Q*) 
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Complete Problems for Complexity Classes 

Fact:  
 Each of the complexity classes NL, P, NP, PSPACE 

possesses complete problems. 
 Moreover, logic provides “natural” complete problems for 

each of these classes. 
 

Theorem: (all undefined notions to be explained later on) 
 QBF (Quantified boolean formulas) is PSPACE-complete. 
 SAT (Satisfiability of CNF formulas) is NP-complete. 
 Horn SAT (Satisfiability of Horn formulas) is P-complete. 
 2-SAT (Satisfiability of 2CNF-formulas) is NL-complete. 
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Why are complete problems special? 
Proposition: Let C  and C’  be one of the complexity classes  
NLOGSPACE, P, NP, PSPACE such that C  µ C’  and let Q be a 
C’-complete problem. Then the following statements are equivalent: 

 C  = C’ . 
 Q is in C . 
In particular, the following statements are equivalent: 
 P = NP. 
 SAT is in P 
 Your favorite NP-complete problem is in P. 
 

Conclusion: 
 Complete problems hold the secret of whether or not a higher 

computational complexity class collapses to a lower one. 
 Showing that a decision problem Q is NP-complete provides 

strong evidence that Q is not in P. 
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NP-Completeness 

Definition:  
 CNF-formula: a propositional formula in conjunctive normal 

form. 
 SAT (Satisfiability): Given a CNF-formula, is it satisfiable? 
 

Theorem (S. Cook – 1971) 
SAT is NP-complete 
Hint of Proof: 

 Membership in NP is easy (uses the fact that the model 
checking problem for propositional formulas is in P). 

 NP-hardness: Encoding of non-deterministic Turing 
machines running in polynomial-time. 
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NP-Completeness 

 
Theorem (S. Cook – 1971) 
SAT is NP-complete. 
 
Note:  
 Cook’s work was motivated from automated theorem-proving. 
 SAT was the first problem shown to be NP-complete. 
 Cook’s Theorem became the catalyst for the systematic 

investigation of NP-completeness. 
 By now, thousands of problems from all areas of computer 

science have been shown to be NP-complete. 
 NP-completeness is a pervasive phenomenon in computing. 
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NP-Complete Problems  

Theorem: The following problems are NP-complete 
 3-SAT: Given a 3CNF-formula, is it satisfiable? 

(3CNF: each conjunct (clause) is the disjunction of at most 3 literals) 
 

 k-SAT: Given a kCNF-formula, is it satisfiable?  (for fixed k¸ 3) 
 

 k-Colorability: Given a graph, is it k-colorable? (for fixed k¸ 3) 
 

 Hamiltonian Path: Given a graph, does it have a Hamiltonian path? 
(a path that visits every node once and only once) 
 

 Clique: Given a graph G and a positive integer m, does G have a clique of size at 
least m? 
 

 Independent Set: Given a graph G and a positive integer m, does G have an 
independent set of size at least m? 
 

 Integer Linear Inequalities (ILI):  
    Given a system of linear inequalities with integer coefficients, does it have an all-

integer solution? 
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Polynomial-Time Reductions 

 3SAT: Given a 3CNF formula ϕ, is it satisfiable? 
    (each clause has at most 3 literals) 
 
 Theorem:  3SAT is NP-complete 
    Proof:  Show that SAT ≼p 3SAT 

 Let ϕ be a CNF formula c1 Æ c2 Æ … Æ cm 
 If a clause ci has more than three literals, then we replace it with 

a set of clauses each with three literals and certain new 
variables. 

 For example, if ci is  (x1 Ç : x2 Ç x3 Ç x4  Ç x5), then we replace ci 
by  (x1 Ç : x2 Ç y1),  (: y1 Ç x3 Ç y2),  (: y2 Ç x4 Ç x5). 

 Let ϕ* be the resulting 3CNF formula. Then 
            ϕ is satisfiable  ⇔ ϕ* is satisfiable (check this). 
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Polynomial-Time Reductions 

 1-in-3SAT: Given a 3CNF formula ϕ, is there a truth assignment 
such that for every clause of ϕ, exactly one literal becomes true?  

     (in short, is ϕ 1-in-3 satisfiable?) 
 
 Theorem:  1-in-3SAT is NP-complete 
    Proof:  Show that 3SAT ≼p  1-in-3-SAT 

 Let ϕ be a 3CNF formula c1 Æ c2 Æ … Æ cm 
 For every clause (x Ç y Ç z) of ϕ, introduce four new 

propositional variables p, q, r, u. 
 Replace the clause (x Ç y Ç z) by the conjunction  

       (: x Ç p Ç q) Æ (q Ç y Ç r) Æ (r Ç u Ç : z). 
 Let ϕ* be the resulting 3CNF formula. Then 
            ϕ is satisfiable  ⇔ ϕ* is 1-in-3 satisfiable (check this). 
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Polynomial-Time Reductions 

Theorem (Karp, 1972):  CLIQUE is NP-complete 
Proof:   
 Membership in NP is obvious. 
 Show that SAT ≼p CLIQUE: 
     



Polynomial-Time Reductions 

Theorem (Karp, 1972):  CLIQUE is NP-complete 
Proof:   
 Membership in NP is obvious. 
 Show that SAT ≼p CLIQUE: 
    Given a CNF-formula ϕ with m clauses, create a graph G as  
    follows: 

 The nodes of G are pairs (c,w), where c is a clause of ϕ 
and w is a literal occurring in c. 

 There is an edge between (c,w) and (c’,w’) if and only if  
 c ≠ c’, and w, w’ are not complementary literals. 



Polynomial-Time Reductions 

Theorem (Karp, 1972):  CLIQUE is NP-complete 
Proof:   
 Membership in NP is obvious. 
 Show that SAT ≼p CLIQUE: 
    Given a CNF-formula ϕ with m clauses, create a graph G as  
    follows: 

 The nodes of G are pairs (c,w), where c is a clause of ϕ 
and w is a literal occurring in c. 

 There is an edge between (c,w) and (c’,w’) if and only if  
 c ≠ c’, and w, w’ are not complementary literals. 
Then ϕ is satisfiable if and only if G has a clique of size ¸ m. 



Polynomial-Time Reductions 

Theorem:  INDEPENDENT SET is NP-complete. 
 Proof:   CLIQUE ≼p  INDEPENDENT SET 
 
Theorem:  NODE COVER is NP-complete. 
Proof:   CLIQUE ≼p NODE COVER 
 
Theorem:  3-COLORABILITY is NP-complete 
Proof:     3SAT ≼p   3-COLORABILITY. 
 
Exercise:  Give these reductions. 



Complements of Complexity Classes 

Definition: Let C be a complexity class. Then the complexity 
class coC consists of all languages L such that the complement  
(§*- L) of L is in C. 
 
Example:  

 coNP consists of all languages whose complement is in NP.  
 In particular,  UNSAT = {ϕ: ϕ is a contradiction} is a 

member of coNP. 
 

Fact: If L is C-complete, then (§* - L) is coC-complete. 
In particular, UNSAT is coNP-complete. 
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Complexity Classes vs. Their Complements 

Question: How does a complexity class compare with its complement? 
 
Facts: 
 For some complexity classes C, it is easy to see that 
                                   C = coC. 

 
 For some complexity classes C, it is known that 
                                   C = coC,  
    but the proof is non-trivial. 

 
 For some complexity classes C, it is not known whether or not 
                                C = coC. 
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Complexity Classes vs. Their Complements 

Fact:   
 P = coP    (why?) 
 PSPACE = coPSPACE  (why?) 
 In fact, this is true for deterministic complexity classes. 

 
Theorem (Immerman and Szelepcsényi – 1987): 
               NLOGSPACE  =  coNLOGSPACE. 
 
Open Problem:  Is NP = coNP ?  
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NP vs. coNP 

Fact:   P µ (NP Å coNP) µ NP. 
 

Note:  
 It is not known whether these inclusions are proper. 
 It is widely believed that both inclusions 

 P µ (NP Å coNP) 
     and 
 (NP Å coNP) µ  NP 

       are proper, but proving this to be the case is yet another  
       important open problem in computational complexity. 

 NP Å coNP is not known to have complete problems. 
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Algorithmic Problems in Propositional Logic 

 The Model Checking Problem (Formula Evaluation Problem): 
     Given a propositional formula ϕ and a truth assignment s, does s satisfy ϕ?  
     Fact:  The Model Checking Problem is in P.  

 
 The Satisfiability Problem: 
     Given a propositional formula ϕ, is it satisfiable? 
     Fact: The Satisfiability Problem is NP-complete 
     Reason: It is in NP, and a special case of it (namely, SAT) is NP-complete. 

 
 The Tautology Problem: 
     Given a propositional formula ϕ, is it a tautology? 
     Fact: The Tautology Problem is coNP-complete. 
     Reason:  ϕ is a tautology if and only if (: ϕ) is unsatisfiable. 
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Algorithmic Problems in Propositional Logic 

Facts: 
 Unless P = NP, there is no polynomial-time algorithm for testing if a CNF-

formula is satisfiable. 
 
 Unless P = NP, there is no polynomial-time algorithm for testing if a DNF-

formula is a tautology. 
 
 There is a polynomial-time algorithm for testing if a DNF-formula is 

satisfiable (why?). 
 
 There is a polynomial-time algorithm for testing if a CNF-formula is a 

tautology (why?). 
 
 Unless P = NP,  

 there is no polynomial-time algorithm for converting a CNF-formula to a 
DNF-formula. 

 there is no polynomial-time algorithm for converting a DNF-formula to a 
CNF-formula. 
 

29 



Coping with NP-Completeness 

Question: Suppose that a decision problem Q is NP-complete. 
What ways do we have to cope with the fact that, in all  
likelihood, no polynomial-time algorithm for Q exists? 
 
Answer: There are three main possible approaches: 
 Design heuristic algorithms for this problem that work well in 

“practice”. 
 Identify special cases (restrictions) of the problem for which 

polynomial-time algorithms exist. 
 Study the average-case complexity of the problem under a 

suitable distribution on the space of the inputs. 

30 



NP-Completeness in Propositional Logic 

Fact:  
 The Satisfiability Problem is NP-complete. 
 The Tautology Problem is coNP-complete. 

 
We also have to address a question raised earlier, namely: 
 
Question: Find a notion of “proof” for propositional logic and use 
it to prove all tautologies (all true propositional logic formulas). 
 
We will see that the answer to this question is closely related to 
the problem of finding a good heuristic for satisfiability. 

 

31 



Resolution in Propositional Logic 

 The Resolution Method is a proof system for proving all 
tautologies of propositional logic. 
 

 The Davis-Putnam Procedure is a widely used heuristic 
    algorithm for the satisfiability problem  
    (hence also for the tautology problem). 

 
 The Resolution Method and the Davis-Putnam procedure are 

intimately related. 

32 



Literals, Clauses, and Sets of Clauses 
Note: Recall that a literal is a propositional variable Pi or a negated  
propositional variable (: Pi). 
 
Definition:  
 If L is a literal, then the complement L’  of L is 

 L’ = (: Pi),   if L = Pi 
 L’ = Pi,         if L = (: Pi). 

 A clause is a finite set of literals. 
 A truth assignment s satisfies a clause C if there is a literal L in C such that 

s*(L) = 1. 
 A truth assignment s satisfies a set F of clauses if it satisfies every clause in 

F. 
 
Fact:  
 The empty clause { } is unsatisfiable. 
 Every non-empty clause is satisfiable. 
 Every CNF formula ϕ can be identified with a finite set F of clauses so that 

ϕ is satisfiable if and only if F is satisfiable 
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Resolvents 

Definition: Let C, D, and R be three clauses. We say that R is  a  
resolvent of C and D if there is a literal L such that 
 L 2 C, L’ 2 D, and R = (C – {L}) [ (D – {L’}). 

 This is often denoted as a rule (the resolution rule): 
     
      C* [ {L}, D* [ {L’} 
     _________________ 
              C* [ D* 

 
Examples:  

 {: P, Q}, {P, R}                          {P, : Q, R}, {: P, S, T}                      
    ______________                         ____________________ 
        {Q, R}                                            {: Q, R, S, T} 
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